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Semiconductor Millimeter Wavelength Electronics
1. Introduction

1.1 Scope

,>§This report describes progress and results obtained in the first year of

the subject research program. The purpose of the program is to investigate new
and innovative approaches to the generation and aﬁplification and detection of
electromagnetic signals in the millimeter wave spectrum. It incorporates
theoretical and applied studies in four areas:

1) Semiconductor material synthesis and growth,

ii) Electrical characterization of these materials:

ii1) Device modeling and fabrication,K , .- -

iv) New device concepts .
It is our desire to understand more fully the origin and consequences of the
physical limitations of semiconductor materials appropriate for use at milli-
metric wavelengths, and through this knowledge to suggest new materials and/
or devices with improved properties.

During the period 1 September 1979 to 30 August 1980, we have initiated
the growth of heavily doped GaAs, developed an apparatus for the measurement
of high field transport properties, examined some impurity effects in GaAs,
and laid the theoretical groundwork for a systematic study of inertial effects
in semiconductor charge transport, including the concept of Zener oscillatious.
We have also carried out Gunn oscillator experiments that have yielded power
levels of 5-6 mWat frequencies near 150 GHz. A new millimeter wave mixer diode
configuration is also being explored. Progress is summarized in this intro-

ductory section. Detailed discussions are presented in the body of the report. .

T areen r'wr»,—"‘m»l‘*‘f;!?“'n»« - -



1.2 Program Participants
The following lists those who have contributed to project activities
during this reporting period:

FACULTY GRADUATE ASSISTANTS UNDERGRADUATE ASSISTANTS

Abraham-Shrauner J. Bormholdt S. Ewall
E. Goldwasser, Co. P.I. P. Chen M. Riess
W. Muller G. Homsey J. Wachsman
J. Rosenbaun, P.I. H. Rohdin J. Wendt
M. Wolfe J. Teng
S. Von Rump

1.3 Summary

Epitaxial Material Growth for Device Studies

An Arsenic Trichloride-Gallium-Hydrogen epitaxial reactor has been built,
calibrated, and operated for the growth of multilayer millimeter wave Gais
structures. The system employs hydrogen sulfide gas doping to obtain the rapid
changes in the epitaxial layer concentration that are required in millimeter wave
devices. The system is of the rolling furnace design that permits rapid heating
and cooling of the wafers. The rapid cooling minimizes dopant redistribution
in the layers after growth. Aluminum tubing and fittings have been used in
the HZS lines to minimize doping history effects. The system background doping
can be controlled by setting the As C£3 bubbler control temperature. The doping

flow rate has been correlated to the epitaxial layer concentration over three

orders of magnitude. The system has been designed for GaAs, however, the system

is compatfble with the PC£3-In Indium Phosphide system requirements. The present

system ylelds highly uniform mirror like layers and requires no significant
vapor etching to obtain low dislocation interfaces. Layers as thin as .15um

appear uniform.




Impurity Incorporation and Redistribution During Epitaxial Growth

The incorporation of impurities in epitaxially growm layers of semiconductors

and their subsequent redistribution often leads to impurity and carrier demsity
profiles that are unforeseen, and that may be unfavorable for certain applications, -
for example, the formation of high resistance or inverted polarity layers in

Gunn devices. An explanation of these effects has been proposed which takes

into account the effect on the impurity redistribution of the built-in electric
fields. The original work on this phenomenon assumes that during growth the

newly incorporated impurities are always in diffusive equilibrium, and that

there is no outdiffision from the substrate.

We have determined that under the usual growth conditions these idealizations
cannot be expected to hold, and we have developed a partly analytical and partly
numerical model that mirrors the time-dependent behavior more realistically.
Programming is nearly complete, and results of thé computation should be avail-
able during the next reporting period.

Diffusion and Electronic Properties of Cr in GaAs
The most common method for producing semi-insulating GaAs is chromium doping.

Remarkable features of this technique are: 1its insensitivity to Cr concentration

during bulk growth, and the variety of redistribution behavior during processing.
We have surveyed the experimental literature on Cr doping and diffusion,

and we have developed a model that appears capable of accounting for the obser-

vations. The central features of this model are: The existence u{ at least

two electronic states of the Cr ion, a mobile, interstitial donor level, and a

set of relatively immobile, substitutional acceptor levels; and the thermodynamic

equilibrium of vacancies at the surface and in the bulk.
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The initial distribution of Cr among its states is critically dependent on
the conditions of growth and impurity incorporation: temperature, other impurities,
vacancy concentration, etc. Redistribution during processing depends both on the
initial distribution and on processing conditions: temperature, atmosphere,
presence or absence of encapsulation, and new impurities.

The behavior of the model is consistent with observed electronic properties
and concentration profiles, and i3 not in conflict with nuclear resonance and ;

cptical studies of Cr levels.

System for the Transport Analysis of Semiconductor Materials

The conception, design, and realization of a system for the transport analysis

of semiconductor materials is presented. A survey of the relevant literature
on transport measurements examines previously developed theory and experimental
methods, and some unresolved problems are defined. Based on this survey, a measure-
ment system has been developed using the microwave time-of-flight method. An electron
beam is deflected past an externally biased semiconductor sample, producing a
time-varying space charge which travels through the sample and induces a current
in the external curcuit. The detected signal is a function of the transport
mechanisms of the material, which can be calculated by a proper interpretation
of the measured results. The two properties of interest are velocity and dif-
fusion as a function of applied electric field.

The existing theory of velocity-field measurement is presented, and extended
to the general case of nonuniform electric field across the sample caused by
the doping profile. An algorithm is described which permits the construction
of the velocity-field curve based on microwave phase measurements, taking into

account the nonuniform doping density of the sample and hence the non-constant




electric field in it. A model for the effects of diffusion on the measured
signal is presented for the case of uniform electric field. The resulting
equation is ;olved and evaluated in terms of the error introduced by assuming
that the measured signal is unaffected by diffusion. This simple model predicts
errors as high as 507 for currently accepted values of velocity and diffusion for
GaAs.

Contributions made to the physical design of the microwave time-of-flight

method include the following: Two modulation frequencies, 1 GHz and 12 GHz, are
available, chosen according to the theoretical considerations in order to provide
the most accurate data possible and to allow both velocity and diffusion measure-
ments. The apparatus permits conventional time-of-flight measurement if desired.
The electron accelerating voltage is adjustable, making beam penetration depth
into the sample variable. The sample may be heated or cooled. Calibration of
the microwave signals is established by direct measurement without a sample.
A low noise microwave amplifier provides the signal gain necessary in this case.
Measurement accuracy is greatly enhanced by use of an automatic network analyzer
system. Finally, the entire experimental procedure is under computer control.

A full report describing the system is presented under separate cover.

Harmonic Generation in Transferred Electron Devices

The harmonic generation in millimeter wave Gunn diodes has been investi-
gated in the 35-150 GHz frequency range. Power outputs at the fundamental,
second and third harmonics have been measured on diodes fabricated from flat
doped epitaxial wafers and a cathode notch structure. The fundamental power

outputs of all the devices tested, peaked at near 40 GHz regardless of their

active layer lengths. The harmonic power of the packaged devices
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has been measured in three circuit configurations. The second and third harmonic
powers have been found to decrease extremely rapidly above 100 GHz for all of

the flat doped devices. Significant improvement in the harmonic powers above

100 GHz has been measured on devices that have a cathode doping notch. A power
output of 5-6 mW has been observed at 144 GHz on the cathode notch devices.

The highest power obtained from the flat doped devices at this frequency is

«35 mW.

The improvement which is observed in the harmonic output of the cathode
notch structure is likely to be due to a reduction in the formation time of the
accumulation layer and a reduction in the cathode dead space that has been pre- ]

dicted by others using Monte Carlo analysis.

Bulk and Contact Phenomena in Millimeter Wave Diodes

In order to reasonably model the behavior of millimeter wave diodes it is
necessary to understand processes which occur in the bulk material and at the
contacts. We have developed closed form expressions for the current-voltage

.J (I-V) relation describing avalanche breakdown in GaAs in both the small-and-
‘ large-signél regimes. Similarly, we have formulated the I-V relation for a
particular contact system known as the Mott barrier, which has the property

of nearly constant junctiom capacitance under forward or reverse bias.

The finite element method has been applied to the analysis of Schottky

barrier diodes in both one and two dimensional simulations. For GaAs, both

the electron velocity and the diffusion coefficient are field dependent. 1In
the Schottky depletion'region these quantities also vary in position due to the
non-constant electric field. We have included these effects and examined the

depletion approximations in a one dimensional Schottky barrier diode.

i i e it i
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A new diode configuration suitable for use as a sub-harmonically pumped
millimeter wave mixer has been conceived and is being analyzed with the methods
described above. Design and performance predictions are under study and an effort
has been initiated to fabricate the new structure.

Inertial Transport

Devices of interest in this project are sufficiently small or fast, or
operate at high enough frequencies so that the mean free path of the carriers
can be comparable with device dimensions, or the mean free time with switching
times or oscillation periods. Under such operating conditiomns, carrier trans-
port is not adequately described by the customary friction-dominated Ohm's law
behavior and collision-free or nearly collision-free inertial or ballistic
transport may be a more realistic model. Moreover, the achievement of such
transport conditions appears desirable, because in this regime transit and
response times need not be limited by the carrier saturation velocities of
ohmic transport.

Inertial transport in solids is similar in some ways with vacuum electronics,
but it differs from that technology in the presence of the fixed charge of im-
mobile impurities, and in the non-Newtonian carrier dynamics imposed by the band
structure. Existing accounts of inertial transport have not yet responded ade-
quately to these differences.

We have derived the general solution for the steady-state potential of
ballistic transport in a one~dimensional semiconductor as a function of the
distance from the cathode for the space-charge limited diode with a comnstant
effective mass. Since the solution implies some strange carrier behavior, we
have checked the uniqueness of the current-voltage curve and its temporal and

spatial stability. The current-voltage curve is singlevalued for large current

e
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densities. A proof of that has been given and a relation for determining the
smallest current for a single-valued relation has been stated.

The steady-state system is found marginally stable by a temporal stability
analysis both for fluctuations that vary with the spatial coordinate in the
carrier direction and those that vary with spatial coordinates transverse to
that direction. The current density-electric field curve exhibits multivalued
currents at a higher current than that found for the current-voltage curve.

The negative differential resistance is current-controlled. As a result, filament
formation which destroys the one-dimensional approximation or unstable device
operation may occur when the current is multivalued. Finite temperature effects
have been included in a simple fluid model for the electrons.

We have also developed the steady-state theory of a space-charge limited
solid-state diode with carriers whose effective mass varies with energy in a
manner characteristic of the small-effective-mass direct gap semiconductors
most promising for our applications. Wé find various modifications from the
existing, constant m* theory; for example, an asymptotic first power rather than
three-halves power current-voltage relation. The modifications are significant
under conditions expected to be realized in normal device operations.

Zener Oscillations

In the extreme high-voltage and/or high frequency submillimeter regime,
collision lifetimes can be long compared with an cscillation period. Under
these conditions carrier dynamics becomes entirely band-structure dominated,
and in the usual semiclassical picture, carriers are expected to carry out real-
space Zener oscillationms.

The observability of this phenomenon, and of the equivalent Stark quanti-

zation of free-carrier orbits (the Stark ladder) has been questioned in the

R DR
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literature. We have carried out an extensive critical review of this controversy
and of its background. The detailed report on this material is intended to serve
as a reference for the continuation of this work. We conclude that the phenomena
limiting the realization of Zener oscillations are scattering and interband
tunneling. It appears that conditions should be achievable under which the
oscillations can be observed.
1.4 Talks and Papers Published

M. W. Muller, "Inertial Transport with Non-Parabolic Bands", late news

paper given 9-23-80 at The International Symposium on GaAs and Related Compounds,

Vienna, Austria.
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2, Materials Growth
2.1 Epitaxial Material Growth for Device Studies

J. Teng and R. E. Goldwasser

2.1.1 Vapor Phase Epitaxial Growth of GaAs

The GaAs epitaxial layers are grown in an AsC£3-Ga-H2 flow system of the
type first described by Knight et al.l This appears to be intrinsically a
very reliable system and has the advantage over other systems that all the
starting materials are obtainable in a state of high purity. Efforts have
been directed, first, to reducing impurities in the system, and second, to
controlling physical growth processes which cause variations in electrical
properties.

The primary objectives were to (i) set up a reactor of maximum cleanliness
and leak~-tightness so that residual impurities are minimized, (ii) maintain
the purity of the system by careful preparaFion of substrates and prevention
of impurity build-up from outside, (iii) optimize the growth procedure by
identifying and controlling the significant parameters.

The reactor and furnace are shown schematically in figure 1. Each zone
has an independent temperature controller. The temperature profile of the
two-zone furnace is shown in figure 2. The reactor tube, seed holder and
melt boat are constructed of quartz. All the gas lines up to the flow valves,

except the aluminum H,.S dopant line, are stainless steel. TheAsC£3bubb1er

2
is constructed of Pyrex and kept cooled by a constant temperature refrigerated
circulator attached to the water bath.

After construction, the system was dismantled, the quartz and pyrex parts

cleaned thoroughly in aqua regia and rinsed in deionized water, the stainless

i
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steel tubing cleaned using isopropyl and tricholor ethylene one part each,
and dried by nitrogen. This cleaning procedure removes surface impurities
which may be introduced by glassblowing, The system has been checked for
leak-tightness at each joint.

The AsCZ3 (Mining and Chemical Products, 99.999% pure, in 100 g ampoules)
is then loaded and hydrogen passed through it for several hours to distill
off the first fraction. If this is not done, the first epitaxial layers have
higher carrier concentration than normal. A final clean up of the system to

remove impurities is carried out by running the furnace 20°C hotter than a

normal deposition run.

The gallium (99.999% pure, 25 éQingots) is then loaded in the source boat.

The growth process occurs in two stageé} saturation of the source and growth

i
i
¢
4
3
t
{
&
!

of the layer itself. For the first stage, the Ga source (melting point at
29.78°C), is loaded in zone 1 of the furnace, whose temperature is raised to
a level around 840°C. High purity hydrogen from a palladium diffuser bypasses
theAsC£3bubbler. The H, flow rate is set to 120 mf/sec. The H, flow rate in
the dopant line (10 ppm HZS in Nz) is set to 200 m{/sec. After one hour, the
valve of the bubbler is opened and the hydrogen is bubbled through the AsC£3
source (kept at 10°C).

The hydrogen, as a carrier, transports theAsC€3into the Ga-source side -

of the furnace. The initial reaction taking place when the gas mixture heats

up is

4 AsC£3 +6H, — 12 HCE+ Asé

2

While the HCL reacts with the Ga source to form GaCf and GaC£3, the argenic vapor

is completely absorbed by the liquid Ga source until saturation occurs, at -2.25




atomic percent of arsenic, Then a GaAs skin forms around the Ga source and
the arsenic vapor passes on down the furnace tube, together with GaCf vapor
produced by reaction between the HCf and the gallium.

At this time, the substrate is inserted, with its polished surface toward
the stream, and the temperature in zone 2 is lowered to reach a steady- tempera-

ture of about 750°C. The GaCf and As, vapors combine in zone 2, and the epi-

4
taxial GaAs begins to grow thereon according to the reaction

GaC¢ + Asa--— 4GaAs + 2 GaCl3

However, the temperatures (840°c in zone 1, 830°C in zone 2) and the flow rates
are maintained for 6 hours, then the temperature controller in zone 2 is changed
to 760°C. After 2 more hours of saturation under these conditions, the AsCL’.3
and the furnace are turned off and hydrogen flow rate lowered to 50 mZ/min.

The Ga source is checked visually for saturation, and the system is ready for
GaAs epitaxial layer growth.

Because of differences in reactor design, residual impurities and other
factors, the optimum growth conditions vary from one reactor to another.
Typical growth conditions are gallium temperatures from 300° to 850°C, growth
temperatures from 720° to 760°C, growth temperature gradients from 5°C t6
15°C en~? hydrogen flow rate from 50 to 300 m{/min.

The growth data and procedure which we use, are as follow:

Ga source temperature: 830°C
Growth temperature: 755° ~760°C
Growth temperature gradient ~17°C per inch
The furnace is turned on to the preceeding temperature settings first, while

the reactor tubing is not in the furnace. After about one hour, the
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temperatures in the furnace are in the steady state. Meanwhile, the prepared
GaAs substrate is loaded in the growth region. The hydrogren flow rates in
the carrier line (with theAsC£3bypassed) and the dopant line are adjusted to
220 mf/min and 200 mf/min respectively., The reactor tubing is then flushed
at these two high flow rates of hydrogen for more than 20 minutes, then the
hot furnace can be rolled in the growth position. The AsC£3is turned on and ]
10 minutes later, the furnace temperature again approaches its steady state
value. After theAsC£3is turned on for 5 minutes, we reduce the hydrogen flows
in both the carrier and dopant lines to 120 mf/min and 50 mf/min, respectively.
At the same time the epitaxial growth is started.

We can increase the carrier concentration of the epitaxial layer by adding #

HZS dopants in the gas stream to the growth region. The flow rate of HZS dopants
vs, the carrier concentration of the epitaxial layer measured by capacitance-
voltage method is shown in Figure 3. After the specified growth time, the
AsCZ3is turned off (hydrogen bypassed) and the furnace is rolled away from the
reactor tubing.
2.1.2 Substrate Preparation

The epitaxial layers were grown on chrominum or silicon doped substrates.
The crystallographic orientation is 2° off the (100) plane to prevent the for-
mation of hillocksz.

After the substrates are cleaved to desired dimensions, they are cleaned
with organic solvents in a beaker. Trichloroethylene, acetone, and methanol
in sequence are used for this purpose. The substrate is dried with bibulous

paper and nitrogen., The sample is then etched in a 5H,50,:1H,0,:1H,0 solutionm.

277477272772
This etchant is first cooled for 10 minutes after mixing, while it is being

stirred. The sample is then put in the etchant and stirred for 5 minutes.
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With minimal expodure to air, the substrates are then rinsed in deionized
water, and dried with bibulous paper and nitrogen.

After etching, the substrate is placed in the sample holder and inserted
in the furnace. The reactor is then flushed with hydrogen at high flow rates
for 20 to 25 minutes, and the furnace is folled to the growth position.

2.1.3 Results and Discussion

Under the preceeding growth conditions a growth rate of about 10 microms
per hour is obtained. The appearance of the grown layers is generally smooth
and almost featureless. One phenomenon encountered was that the growth rate
tended to drop in successive runs due to the build-up of wall deposits which
provided competitive areas of growth.

There is no vapor etching of the sample before growth--the prepared samples
appear not to need it--and transfer of impurities from the heavily doped sub-
strate to its surrounding is thus minimized.

The thickness measurement of the epitaxial layer is done by the stain
etching method. The sample is sectioned and placed in a solution of 1HF:3HN03:4H20
for about 4 seconds. The stained sample is viewed edgewise in a calibrated
microscope. The measurement resolution is limited by how well the microscope
could focus on the top rounded surface of the epitaxy and the interface. Deple-
tion layer capacitance-voltage measurements can give a more accuract determina-
tion of the epitaxy thickness.

One of the problems which can attend the growth of a high purity enitaxial
layer is the diffusion of impurities from the substrate during growth, This
problem can be overcome by the growth of a heavily doped, high purity "buffer"

layer on to the substrate prior to the growth of the active region. The buffer

layer effectively isolates the active layer from the impure substrate. It is
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also often desireable to grow a heavily doped GaAs layer after growth of the
active region. The reason for doing this is because it offers the best method
of obtaining a ohmic, low resistance contact to the active region.

The doping profile can be measured by the capacitance-voltage method.
This involves evaporating a number of 20 mil diameter gold Schottky barrier
dot diodes on the epitaxial layer. The dot is biased negative with respect to
the substrate, the capacitance of the depletion region under the dot is measured
as a function of the applied bias. From this data the doping concentration pro-
file can be measured. It is given by 3

-C3
3 dc)

qeA v

where

(2]
]

depletion capacitance

<
[ ]

applied bias to dot

A = dot area.

The measured capacitance may be used to calculate the depletion depth

€A

X’C

where x = depletion distance into the epitaxy. This method has been shown to
yield quite accurate doping profile measurement34 with only slight error due
to spreading capacitance.
The range of x over which the carrier concentration can be measured is
limited by the avalanche breakdown of the junction which eventually occurs .
as the bias voltage is increased. The dependences of the avalanche breakdown

voltage of the junction, the maximum penetration, and the depth resolution,




Table 1. Dependence of Profile Properties on Doping Density.

E Doping Maximum Maximum Depth
5 dens i ty Depth d.c. resolution ;
(cm‘3) (um) volts (Debye length)
um
r- .
10" 80 500 0.50 5
10 12 100 0.50
1018 2 20 0.05 !
y 107 0.3 4 0.015
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on the carrier concentration in the layer are approximately as indicated by
Table 1. The profiling of a layer thicker than the maximum denth indicated
above can be obtained by step etching to build up a piecewise profile plot
N of the whole layer. Figure 4 shows the profile obtained on one of our samples
via the step~etch technique. ]
A feature of the epitaxial layers is the persistant occurrence of growth ;

'pyramids' or 'hillocks'. The formation of the 'pyramids' or 'hillocks'5 is

dependent both on the experimental procedure used and the quality and orienta-

tion of the substrate. For the growth system we used, the number of grown
pyramids will be increased when the substrate is moved to the lower temperature
region (below 745°C) of the reactor tubing.

As the Ga source is used up, the surface area of the gallium decreased
and this should slow down the gallium transfer rate and lower the Ga/As ratio.
This mﬁy explain the systematic decrease in carrier concentration with run
sequence and the steep impurity profiles obtained at the end of .the useful life

i of a gallium source, when surface tension forces may suddently shrink the gallium.

TheAsC£3-Ga-H2reaction has been used to produce low carrier con-entration

'background doped' GaAs which has been made into high power Gunn oscillators

and other millimeter wave devices., The basis requirement for the improvement :

of the epitaxial layer is to improve the control and system cleanness of the

growth process, With commercially available high purity starting material,

carrier concentrations n in the 1—2x1014 cm-3 range can be obtained. . ?

2.1.4 Sample Fabrication for Velocity-Field Measurements '
The schematic diagram of the sample used for the velocity-field measure-

‘ ' ment is shown in Fig. 6. A GaAs epitaxial layer is grown on a high doped GaAs

substrate by the vapor-phaseAsC£3-Ga-H system as indicated in the diagram of . 1

2
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Figure 6. Cross sectional view of sample for
velocity~field measurements
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Fig. 2. The diode consists of a thin aluminum window and a thick aluminum
annulus. In the electron-beam velocity field apparatus, described elsewhere
electrons are injected thorough the thin window when their energies are above

a critical valve that is determined by the contact thickness., The thick annulus
provides a good mechanical region that permits ultrasonic wire bonding to the
Schottky contact. The substrate contact is made using an alloyed gold-germsiium
nickel layer. A thick layer of plated gold has been added to permit thermal
compression die bonding of the sample to a gold plated copper stud.

2.1.4.1 Epitaxial Layer

The epitaxial reactor used to grow the layers is the vapor phase system
described in the preceeding section. The orientation of the GaAs substrate is
chosen %0 be 2° off the (100) planes. The measured carrier concentrations of
the substrates are typically 1><1018 cm-3. The substrate*is degreased by rinsing
successively in trichloroethylene, acetone, and methenol for 30 seconds each,
and then etched in the SHZSOA:IHZOZ:IHZO etchant for 5 minutes., It is rinsed
in deionized water of resistivity greater than 14 MO-cm. The substrate is
rapidly loaded in the furnace,

The reactor tubing is purged with hydrogen for 20 minutes. The hot fur-
nace is then rolled to the growth position (source 832°C, seed 762°C). The
AsC£3bubb1eris turned on 5 minutes later. The temperature of the furance is
in the steady-state 10 minutes after turning onAsCEB. The flow rates of hydro-
gen are then reduced to 120 mf/min in theAsC£3line and 50 mf/min in the dopant
line, meanwhile, the HZS-N2 flow rate is adjusted to 45 mf/min. The buffer
layer is grown for 10 minutes, the measured thickness and concentration are
2,5 um and 4XI017 cm-3. The active region is then grown for a predetermined

time., The measured thickness and concentration of the active layer are then
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measured using either C-V or an MSI doping profile plotter,
2.1.4.2 Ohmic Contact Fabrication
The sample is mounted on a jig by using parafin with the epitaxial layer
side down. The back of the sample is slowly lapped with 5 ym grit on a glass
plate. The thickness of the sample is measured in a micrometer. The sample

is then mounted on a glass slide using parafin to mask the epitaxial layer and

etched in 1% bromine-methanol solutions for 5 minutes to obtain a smooth surface.

The measured resultant substrate thickness is 135 um.

The AuGe-Ni-Au ohmic contact system is applied to the back of the substrate.
The AuGe used is eutectic composition of 88% Au, 12% Ge by weight. AuGe is
evaporated on the sample followed by a nickel evaporation. The AuGe-Ni evapora-
tion ratio must be between 3:1 and 6:1 to obtain thermally stable contacts with
low specific contact resistance.

The AuGeNi layer is alloyed at 455°C % 2°C for one minute in a hydrogen
atmosphere. The wafer is quenched by removing it quickly. A low thermal
mass system is required to obtain a specific contact resistance of less than
5x10-69ﬂj. The wafer in rinsed in hydrofloric acid for 15 seconds and rinsed
in D.I., water. A gold layer of 4 um is applied to the ohmic contact by plating
the wafer is a neutral bath gold solution (Selrex puragold 125).
2.1.4.3 Schottky Barrier Fabrication

The sample is mounted, ohmic contact side down, on a microscope slide with
black wax. The sample is again cleaned in the organic solvents, trichloroethlene,
acetone, and methanol, and the epitaxial layer is etched lightly just before
the sample is mounted in the evaporation system. The etchant is 5H2504:18202:1320.
After the sample is rinsed in DI water and dried, it is mounted in the evapora-

tion system. The vacuum is then pumped to a pressure of about 9:<10-7 Torr at




which time evaporation proceeds. The source is slowly heated until the AL

melts, the shutter is opened, and evaporation thickness monitored with a
transducer mounted close to the samples. The shutter is closed after the
desired thickness, 7000A Af, is reached.

Next the sample is removed from the evaporator, the aluminum is covered
with photoresist to be used as a etchant mask as shown in Fig. 7(a). A posi-
tive photoresist, AZ 1350J, is used for this purpose. The sample is prebaked
at 120°C for 15 minutes. The filtered AZ 1350J photoresist is spun on the
sample at 4000 RPM, for 60 sec. The photoresist is baked for 30 minutes at
70°C. Then the sample is again coated with photo resist, spun at 5000 RPM
for 60 seconds, and then baked at 70°C for 30 minutes.

An optical mask aligner is then used to expose the photoresist except for
a pattern of 20 mil diameter 2.5 mil thick circular rings. The pattern is
aligned along a cleavage plane. The exposed photoresist is developed and is
then dried and postbaked for 20 minutes at 120°C.

The hardened photoresist ring is used as a mask to etch the thick Af layer.
The etchant for the aluminum is Aurostrip (Metex Aurostrip #407) diluted in
deionized water to a concentration of 80 grams/gallon. The aurostrip solution
is heated and stirred, the sample is immersed until all the aluminum is etched
except that under the 2.5 mil ring. The resulting structure is shown in Fig.
7(b). The photoresist mask is then removed in hot acetone, cleaned in organic
solvents, rinsed in deionized water, and prebaked again at 120°C for 20 minutes.

AZ 1350J photoresist is applied on the sample and baked at 70°C for 30
minutes, and a second layer spun at 5000 RPM for 60 seconds. After another

baking a5 70°C for 30 minutes, it is exposed on the mask aligner. The purpose

of this photoresist layer is to open window at the ring, as shown in Fig. 7(a).
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The sample is then postbaked at 120° for 15 minutes after developing.

The sample is again loaded in the evaporator to coat it with a thin AL
layer, as shown in Fig. 7(d). The unwanted AL layer can be lifted off by
immersing the sample into heated and stirred acetone. It takes about 40

minutes to lift the AL layer. The final structure of the AL Schottky barrier

dot is shown in Fig. 7(e).
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2.2 Impurity Incorporation and Redistribution During Epitaxial Growth 1

by H. Rohdin and M. Muller

2.2.1 Introduction
The incorporation of impurities in epitaxial layers and their subsequent
redistribution can lead to impurity and carrier density profiles that may be

unfavorable for certain applications. C. M. Wolfe and K. H. Nichols developed

a model, the impurity gradient model (IGM) [1,2], which explains qualitatively ?

some observed features, such as the occurrence of different conductivity regions

3 at the n-n+ layer-substrate interface., It also explains why the observed
donor-acceptor compensation is less than expected [2].
In the model the redistribution of impurities is caused by concentration

! gradient diffusion, and by drift due to a built-in electric field. The sources

of the field are charged surface states and impurity concentration gradients.
We thus have two coupled problems: The field problem and the redistribution
problem. Another feature is the moving boundary f{.e., the growth surface is
moving with the growth velocity.

The IGM, as developed by Wolfe and Nichols is based on a number of assump-
tions., Most of these are realistic while others are adopted to make an analy-

tic solution possible. The Wolfe-Nichols treatment (W&N treatment) gives a

good qualitative picture, but to get more realistic results we must renounce
some of the assumptions made. This will complicate the treatment, and numerical
methods must be invoked.

In this report the Wolfe-Nichols assumption and their consequences will
be listed and discussed. Then the changes necessary for a more realistic treat-

ment will be presented. The problem will be defined and an approach to the




solution given. The problem will be treated as two semi-distinct ones: the
field problem and the redistribution problem, the first being the more
challenging.

2.2,2 Assumptions

2.2,2,1 W & N Treatment. List of Assumptions, Their Consequences and Validity

1. The evolution in time of the electric field, which depends on the growth

velocity and impurity redistribution is so slow that an electrostatic approach

X is appropriate., We can thus get the field from Poisson's equation, This assump-
| tion i1s realistic, considering the slow growth rate and low diffusion constant

& of most impurities.

2. The edges of the relatively thin epitaxial layer do not contribute to the

general picture. Thus a one dimensional approach is possible. This is realis-

tic since the lateral dimension of the epitaxial layer is much larger than the

thickness.

Assumption 1 and 2 imply that the governing equation for the electric field E is

E @ =2 p@-0@D) )

where D is the net charge associated with the impurities

D=2 = Ng‘i"t @) .
| i,3 j
: 3. The material is non-degenerate and the electrons and holes are in thermal ; {
equilibrium, This results in the following: 3 ?

! : 1. A simple mass action law for creation and recombination of an electron-hole ;
;ﬁ pair ]
-

>i np = ni 3) g
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ii. A simple Einstein relation between mobility u and diffusion constant D

of electrons and holes

kT .
D, =u, <’ X = n,p (4)

1ii. A relation between electric field E and electron concentration to ensure

equal and opposite drift and diffusion currents for electrons (and holes).

E=-X 4 ;.. .k1lds (5)
q dx q ndx

Many materials are nondegenerate, especially at the high temperatures during
growth. The growth velocity v is in practice far too small to disturb the
€lectron and hole equilibrium, Furthermore the diffusion constants of the
impurities are much lower than those of electrons and holes so that the latter
easily keep up with the redistribution of the former. The assumption is thus
a good onme.

4. The epitaxial layer doping is below the intrinsic concentration. The sub-
gtrate is initially extrinsic (n-type) with constant doping. The redistribu-
tion in the epitaxial layer during growth is not large enough to affect the
field, There is no drift or diffusion between the epitaxial layer and the
substrate. The specific doping condition could well be changed but the essence
is that there is no coupling between field and impurity redistribution. This
is only realistic if we have very small redistribution of impurities, i.e., if
the impurity diffusion constants are sufficiently small.

5. The epitaxial layer is essentailly semi-infinite, that is to say, much
larger than the Debye length. This enables us to look at the field in the
epitaxial layer as a sum of two fields Es and Ei’ where Es originates from

the surface states on the growing surface and E1 from the discontinuity
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(according to assumption 4) in doping at the layer-substrate interface. This
is a good assumption once the growth has heen going on for a long enough
period, but in the initial stages of growth it is not correct.
6. The substrate is essentially semi-infinite. This gives the necessary value
for Ei at the interface. This is a good assumption in most practical cases.
7. The electron concentration at the growth surface is fixed by surface
states., This means that the Fermi level is pinned at the surface. This gives
a value for Es at the growth surface. This is a realistic assumption; pinning
of the Fermi level has been observed. It would also be reasonable to assume
that Es at the growth surface is fixed by the surface states in accordance
with Gauss law in electrostatics, i.e.
g

E(0) = = (6)

where oy is the surface chargr density associated with the surface states.

In terms of electron concentration this is according to (5)

dn Mg
ax O == 7 O )

This would contain the assumption that the surface charge density is essen-
tially independent of the doping at the surface and thus independent of the
Fermi level at the surface. Depending on how the surface state density depends
on energy this may be true or false.

8. No temperature gradients are present, thus no thermal currents. This is

a realistic assumption.

9. We study only shallow (hydrogenic) impurities which each only occupy one

type of lattice site of constant concentration. This means
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i. Only simple diffusion, i.e., no generation of recombination term in the
continuity equation for the impurities;:
ii. All impurities are singly ionized.
The doping 1s therefore
D-z tNk (8a)
k .
the flow of impurity k, Jk’ is
aN.
=t -p —X
Jk MME =D 9x

Kk K (8b)

(upper sign donor; lower acceptor) and the continuity equation for impurity k is

aNk aJ
E T (8c)

This is, of course, not always the case (e.g. Cr) but it is undoubtedly a
technologically interesting case.

10. The impurities are in equilibrium with the electric field. This means
th;t the time derivative of the impurity concentration in the continuity equa-

tion are all zero and an analytical expression for the concentration can be

IR

found [1,2]. This is a very unrealistic assumption for the slow moving im-
purities studied.

11. The impurity concentration profiles are calculated during growth, During
and after cool-down further redistribution may have occurred. This is a dif- i

ferent problem including fixed boundary and cool-down. It is not treated here

PO

and we therefore effectively assume that the distributions are frozen in.

12. We study only homoepitaxial growth, We can then easily define an electro- f

static potential and we get no surface charge at the layer substract interface,
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13. The numerical factor B in the Einstein relation

D = “%:‘ (84)

between impurity diffusion constant D and mobility u is 1. According to [6]
PP. 92-99 this is only true for a simple interstitial mechanism. The simple
impurity diffusion that we study is thought to occur through a vacancy mech-

anism. In this case B = 1.27.

2,2,2.2 New Treatment
In the new treatment we want to take a more general viewpoint. This means

that we have to do without some of the assumptions discussed above.

The most unrealistic of those is no. 10. We now want to study the case
when the impurities are not in equilibrium with the field., This is actually
the case for the kind of impurities we are studying which are very slow moving

} (Dle_la cm2/s at T = 750°C). We also want to allow redistribution in the 1
substrate and across tﬁe layer-substrate interface. We thus would like to re-

linquish assumption no. 4. We will have coupling between redistribution and :

RS . A

field. This will complicate the field calculation considerably., It is not
yet clear to us whether the most general field calculation is feasible numeri- :
cally. Poisson's equation will be nonlinear, with a forcing term, the latter

being the net doping, and this is a somewhat difficult problem, even numerically.
We will try to overcome the difficulties, but if this is not possible,we can, %
in view of the low mobilities of the impurities, use a modified W & N approach, ]
i.e. we could calculate the field once and for all with the non-redistributed

= doping profile. We would, however, not treat the epitaxial layer as infinite

in the initial stage of growth., (Assumption 5 in W & N treatment). In either

case we will attempt to use the assumption that the field rather than the po-
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tential at the growth surface is fixed by surface states (assumption 7 above).

Assumption 6 above will make it possible to use the boundary condition

E(x) = 0 and/or n(x) = ng 9)

where n, is the equilibrium electron concentration fulfilling charge neutrality

deep in the substrate, i.e.

n
n--n——D=0 (10)

,.where Ds is the net doping deep in the substrate., It will also enable us to

avoid the problem of the moving boundary by putting the origin at the growth
surface. Now the other boundary will be moving, but as this is at infinity
it does not complicate things. We will keep the temperature constant in time
(as ~:11 as in space),.

In summary: We will use assumption 1-3, 6-9, 11 and 12. 7 will be
modified in the sense that we keep E(0) fixed. 8 will also include no time
variations in the temperature. We will allow B in assumption 13 to take an
appropriate value, The other approximations of W & N will be relinquished
in the new treatment,

2.2,3 The Problem

The problem as mentioned, is a coupled one. The redistribution of im-
purities depends on the field and the field depends on the distribution of
impurities. Only under certain restrictions can the field be calculated
separately from the redistribution. The general approach will be to calcu~
late the field and with this field to calculate the redistribution during
the next time interval, then calculate the new field etc, First the field

problem will be treated and then the redistribution.
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2.2.3.1 The Electric Field Problem

If possible, an exact solution will be attempted. In adopting this
approach we have encountered several numerical problems and therefore a
simpler approach may be necessary. Both will be presented here.

Let us introduce the following quantities to get equations containing

only dimensionless quantities:

N
v-—n— HI -;;1- H 6--:-?- (11)
By I omy 1

where ni is the intrinsic electron concentration. Furthermore

£ = x/LDi; LD /€kT

- = . (12)
i ‘/“2“1

LD is the intrinsic Debye length,
i

g o kT |
1
(5), (11), (12), (13) give
! e*-diglnv--%:—\; (14)

M, (3, A, (12), (13) give

,’ .d—ﬁ..%-v+6 (15)

T

(14), (15) give

2
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i
—-d 3 Invs y - _\)]; -6 (16) {
F d§ ’
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9), (11), (12) give

e=) = 0; V(@) =y | (18)

(10), (11) give

% 592 (19)
\)(w)a\)s-T*‘ —4—+l
6), (13) give
%s 20
e(0) = 4 = e, (20)
0
or with (14)
_d_\) (0) = - @ \)(O) (21)
dg 0

If we deal with homoepitaxy we can define a continuous electrostatic potential

Y which we can set to zero at x = », i,e, deep in the substrate:
E,(x) - (E)_ = =qy(x) (22)

Ei is the intrinsic Fermi level. Define a normalized potential ¢

- 3
) T (23)

The normalized electron concentration can be written

v(g) = vse¢(5) (24)

since we have non-degenerate material. Define

u(g) = 1n v(g) = u, + ¢(8) (25)
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(14), (25) give
- . d¢
. ¢ (26)
(15), (25) give
.g.g. - -2 sinh(us + 9(8)) + 8(8) 27

(26) and (27) are a set of two coupled first order ordinary nonlinear differen-
tial equations. They can, of course, also be written as a second nrder ordinary

nonlinear differential equation

d2¢
— = 2 sinh(us + ¢(8)) - &(&) (28)

dg

with boundary condition

¢p(=) =0 (29)
d
3% ©) = -, (30)

2.2.3,1.1 The Exact Approach

The electric field can be calculated either from the electron concentra-
tion through (14) or from the potential through (26). If the first method is
chosen, the pertinent differential equation is (17) and the boundary conditions
are (19) and (21). 1f one uses the potential the governing equation is (28)
and the boundary conditions are (29) and (30). (17) and (28) are connected
by (24).

In both cases we have a non-homogeneous non-linear differential equation
with two boundary conditions, one being at the growth surface and the other

at infinity or rather deep in the substrate. Both equations have a rather
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arbitrary forcing term which contains the doping. Only when the doping

1s uniform is it relatively easy to solve the problem. One then chooses to
solve (28). We have tried to solve both (17) and (28) numerically, so far
without complete success. We have tried the following methods:

1. Treat the problem as an initial value problem, i.e., make two coupled

s

ordinary differential equations of (17) or (28) respectively. In the latter
case one possibility is the system (26), (27). To be able to solve this we

need to know the initial value of both the function itself and its derivative.

But we only know one of these, or the ratio between them. The other boundary

condition that we know is at infinity. We thus have to adopt some kind of

"aiming" method, i.e. pick a pair of initial values in such a way as to ful- ;

fill the boundary condition at infinity (or in practice at a point sufficiently

far in the substrate). This involves iteration and is time consuming. Further-

more both (17) and (28) are ill-conditioned for prescribed initial value and ’

?; initial derivative. To illustrate the difficulty, consider the equation
|
d2 1
—% =y y(0) =y, y(=) =0 (31) 7
dx P
: In this example an analytical solution is easily found, namely 7
i ;
..aj x —x !
! y=Ae +Ae (32)
1 1 2 ]
;! ’
With this potential, one would for the physical reasons y(=) = 0 have picked ﬁ
Al = 0, Unfortunately the computer has no capability for physical reasoning, . ;
so the term Alex would appear in the numerical solution if we had chosen to 3
4 solve (31) as an initial value problem s
i
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l -
dx Y2
dy
2. 33
ax 71 (33)
with initial value for ¥y =V known to be
7,(0) =y,
but the initial value for v, " %i-unknown. A solution based on picking
%§ (0) to satisfy y(=) = 0 seems impossible in practice. For our problem this
is even more true since the right hand sides of (17) and (28) are much more
sensitive to the unknown variable than is the right hand side of (31).
2. Use a combination of finite difference approximation and iteration [3],
i.e. we have the nonlinear ordinary second order differential equation
y" = £(x,y,y'); a<x<b; (34)
and we intend to make better and better approximation y(n) of y. The finite
f difference approximation to (34) is
y (B _ o (mtl) | (o)
& i-1 i i+l (n+1) (n+1)
‘ = f(x,, ¥ " ); 1=1,2,...1 (35)
£ h° e T B R e
where subscript i indicates the value at mesh point i
2 x, = a
i.
2 x, =b (36)
: max

e A A T
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i

and h 1s the distance between subsequent mesh points

- X =} all i : i

Xi41 ~ %1

x, -x = h(i

max

max~ L

Furthermore

LT N G

S Tlh' ST FRY (37a)

is the finite difference approximation of y'. We cannot use the (n+l)th approxi-

mation on the right hand side of (35) since that is the one we are seeking. We

thus have to approximate. Define

o)
m

s, ¥, DD 8)

af \ " af \*
and (35;) (—-—-) analogously. Then an approximation to (35) is ,
i

i ? ayl

§ (n) (n)
(n+l) b [f (n+l) § 2 3f

y ot {“2 (av')i fw ; u.(y)i }
4 (n)
kS RS {1'2(3:') }
3 i

:

} (n) (n)

cn2l @ @ (a2 on (g . ge
h { £ vy (ay )1 107 )i (3"')1 } 1=1,2,...4 (39)

It is easy to incorporate boundary values into this scheme, If one boundary

is at infinity one picks X, large enough so that the boundary condition is

) max
b | effectively fulfilled there. Unfortunately this does not seem to converge to

a steady value for Yy for either of (17) and (28), -For (23), not only is there

no convergence, but the result is unstable,

s e e
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We are still trying to find a way to solve (17) and/or (28), without
simplification. If this is unsuccessful, we have to adopt a simpler approach
which is a modification of the W & N treatment.
2,2,3.1.2 Modified W & N Approach

We will here assume that we can calculate the field as if there were no
redistribution. Thig is probably a fairly good assumption with the low diffu-
sion constants of the impurities under study. The epitaxial layer will then
approximately have the intended doping concentration which we assume is a con-
stant De’ We also assume that the substrate doping is a constant, Ds' In

regions where § is constant and % # 0 (28) can, after multiplying both sides

with 48

aE ° be written

2

(:—2) - 4cash(usi-¢)-26¢+c (40)

where c is an integration constant specific for each region., The poteantial ¢ is

still set to zero deep in the material i.e. in the substrate. (40) yields:

de'

¢
4,0 /l;cosh(us+¢_'_)-2 8¢'+c

(41)

E-t

The plus or minus sign is chosen from physical reasoning. It may reverse within

a region at a point where -:-% = 0. The boundary condition (30) gtves

2-

N 4cosh(us+¢o)-2 634»0-0»(:e (42)

where ¢0 is unknown in our treatment while eo is known. (Subscript e for

epitaxial layer). The boundary condition (29) yields

- - 43)
L ~’u:oshus (

A S S P AT R T T - P,
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Continuity of the field and potential at the interface (assumption 12) gives

with the aid of (40)

ce = cs+20es(ée-68) (44)

where ¢es is the potential at the interface. (42) - (44) provide a relation

for ¢es

2
. . eo-locosh (usﬂo) +4co Shus+2 6e¢0 (45)
es 2( Ge- 68)

(41) gives for the width Ze of the epitaxial layer (if there is no sign
reversal in (41))

¢ (4.)) '
ze - ‘/; es 0 dé (46)
0 /Zcosh(us+¢')-4coshus-26e¢'+2(6e-68)¢es(¢0)

We_can indirectly determine ¢0 as a function of Ze from (46). Then we can
determine c, as a function of Le by (45), (43), (44). With (41) we can then
determine ¢ indirectly as a function of £ for a specific Ze in both the epi-
taxial layer and in the substrate
2.2.3,2 The Impurity Redistribution Problem

This is an easier problem than the field calculation since it is linear
once the field is known. The flow Jk of impurity type k in a field and con-

centration gradient is (assumption 9)

BNk
J] = *u] N] E--DI _3 (8b)

with (8d), (11), (12), (13)

D)n an

- K1 - —K

Jk LD [tnkenk 3¢ ] (47)
i

~——rerma- e

" > L YD

RO TRy 2 PRI i N
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D n
Define, j, = =5+ (48)
k L
D
i
then
any
I - jk[tBkenk 3 ] (49)

The continuity equation for impurity k is (assumption 9)

aNk L aJk (80
at ax

As mentioned in section 2.2,2.2 we can with assumption 6 avoid the moving
boundary by setting the origin of the x-axis at the growth surface. Now the
other boundary will be moving but this boundary is at infinity and not a
; specified distance from the growing layer or the interface. If we pick a
- region of a given length before growth, such that one boundary is the growth

. surface (initially the interface) and the other at a distance deep in the sub-

strate (so deep that it is effectively at infinity), we can grow until the

F "equivalent infinity boundary" no longer can be said to be deep in the substrate.
; We thus study a fixed boundary problem for the allowed period of growth.
§ When we change the coordinate, Jk must be replaced by Jk+Nkv where v is the

growth velocity, With this and (8c), (47) we get

e i PRI A TR < 4 OO o .~ A ROA MM T L L L e e hn T

typical for the studied temperatures and class of impurities:

J ,
h L p
¥ ! 3nk [ -'(e ) - D ank (50) P
| l Bk 3z Mk Dk € "
1; We normalize the diffusion constants Dk to a typical diffusion constant DO’ }
F

= D, =dD (5L
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With our class of impurities D could be picked to be 1071 cn?st for
T = 750°C (see [4] p. 418). We define a normalized time 1, normalized to
Lp /%,
i
:
, t= 15 (52)
0

We also introduce a normalized growth velocity u, normalized to DO/LD
i

v = u-DO/LDi (53)

(50)-(53) yield the normalized transport equation for impurity species k.

2
3 an I n 9
4 k k 3 "
E I S S AL T3 G4
i_ .

If e(£,7) is known, this is a linear partial differential equation for

" = nk(s,r). It is a boundary value problem in ¢£:

nk(O,r) = nek(r) all t (55)

n (=) = n all < (56)
and an initial value problem in t:

nk(i;,o) = Ny E>0 (57)

2,2.3,2.1 Numerical Approach to the Redistribution Problem

In fact, (54) is not a linear equation since e(£,t) depends on all s.

LY
Our approach will be to calculate e with the present distribution, i.e. at
i | time 1, of nk's according to the previous section, Then we will calculate n, at {

time v + At where At is a small time interval, assuming that e remains con-

) T b ey T A R ® i M
e IR e N T - - w4




stant during this time interval. The smaller Ar, the better this approximation is
We then calculate e with the new impurity distribution, etc. We cannot numeri-
cally take the entire £-interval (0,») into account, but we have to cut it off
at some distance £ = L such that there is virtually no field or redistribution
for £ > L.

We have already divided the time scale into discrete times (j-1)Ar,
j= 1,2,3...jmx. We will also divide the studied ¢-region (0,L) into discrete
intervals (i-1)ag,1i = 1’2’3"'ima.x where Af is a small distance. These dis~
crete values in time and position will generate a net, and we will seek the
value of ne at each mesh point. This involves approximating (54) by its
finite difference approximation (FDA) in terms of the values of nk at the mesh

points.

-

1 - .

P
j+1
I ATt ?
3 |
- a7 S e - B =
i: - £
1 2 3 1-1 i i+1 i =11 ‘I
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This can either be done explicitly or implicitly [5]. The latter technique is

the most stable, since it takes 1Into account the values of n. at the next time

k

interval which is what one wishes to calculate, To calculate the nk's at the
: (3J+1)th time we now write the following implicit FDA for (54) at i = 2,3,...imax-l
3 (where nk(Ei,rj) = nk(i,J) etc.):

1 1 1
nk(i’j+l)"nk(itj) nk(i"l9 j+ i)"znk(i)j"' 'E)+nk(i+l9j+ E)
- 2
bt k (A8)
1 1
e(i+1,j)nk(i+l,j+ —2-)-e(i-l,j)nk(i-1,j+ 3 )
4, 7 (s4)
n, (141,34 Hon, (1-1,13+ D
2 208

with
, nk(l,j) = nek(j) all j {55a)
A
f o (8D = all j (56a)
!
M and
A |
‘ nk(i,l) = N i>1 (57a) :
! 3nk

The left hand side of (54a) is exactly equal to rre (si,tj+61j) for sone

(unknown) value of &1, ranging from O to At. We have therefore placed the

k|
FDA of the right hand side of (54) at the midpoint between the jth and the
(j+1)th time. This is what makes the scheme implicit.

X We have to solve the matrix equation
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- - ™~ - - -
b -cz esas e ? soe nk(z’ j+l) d2
-?3 ? -?3 e e v geas e r.]k(:;, j+l) ?3
e b e | g i
R T n (1 -1, j+1) d
L imax 1 - e k" max - L lmax-lj
where
1
b
Clk’“ e)?
) +‘_
ay = 12*3 e@-L.D , Shal 1=3,...4 -1
ron? Tt g ' max
. u(j-(-'l)
i Z(AE)Z 4AE 4d'kA€ ’ ye v max-
= - i l - 1 i N = -
d; = ayn (1-1,9)+ (= 7 )@ Pdbeyn, (141,5); 4= 3,4,...4 -2
, k (ag)
d, = 2a,n, (1,i)+ [—=— 1 n, (2,3)+c,n, (3,3)
2 2k d AT 2 ) k" 2k
1 (4g)
) 1
d -1 *a 1 N (1 9j)+( n, (1 1sj)+2c (1
1 1 ax 1 1% 1 'k “max dkAT (Ag)Z % "ma ax-lk
This is easily done by Gauss's elimination ([5] pp. 20). By making Af
sufficiently small we can make the first term dominant in a, and cy- The
problem then reduces to the simple Crank-Nicholson scheme considered
d, At
by [5] pp. 60-65. This means that our scheme is stable for all k 3
(ag)

for sufficiently small Af.

(59)

ax* P




2.2.3,3 How to Chose A&x, At, i and j
max max
A field falls off to zero essentially within a few appropriate Debye
lengths. This means that we have to pick Ax to be a rather small fraction of

the smallest appropriate Debye length. The time interval At should fulfill
|J]at<< N ax everywhere (60)

so as to make the relative change of impurity concentration everywhere small
during each time interval. The flow J is either drift, diffusion, or trans-
lation flow. The last arises from the motion of coordinates with the growth

surface.
(drift)| = uNE

AN
(diff) | D

(transl)| = Nv
is determined by At and the total time we want to grow,tg.
tg = (jmax-l)Ac

The length of the total studied region is

L= (imax-l)Ax = Le+Ls (63)

where Le is the thickness of the epitaxial layer determined by t and v(t) and

Ls is the depth of substrate that we consider at time t.
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At t = tg’ Ls must be large enough so that at x = L the properties of the
substrate are essentially those at infinity. This means chat the field has
to be zero there and that there is no redistribution due to diffusion either.
The fields fall off to zero within a few substrate Debye lengths LDs,so Ls

must fulfill, say,

Lsz-l..I'Ds

If so at x = L we have pure diffusion. This diffusion is approximately equal

to what the diffusion would have been if the substrate and epitaxial layer
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had been semi-infinite. In this case for the change in impurity concentra-~

tion to be negligible, say 0.1 - 1% of the maximum value of the impurity

concentration, Ls has to fulfill

L > 4/Dt (64)
s— g

So finally Ls must fulfill

L, > max {ALDS, lu"ﬁtg } (65)

this puts a lower limit on imax' Finally we may want to choose D0 so that we
get T expressed in some convenient unit like minutes or hours.
2.2.4 | Final Remarks

We have discussed a number of aspects of the problem of field assisted
redistribution of impurities during epitaxial growth. The redistribution
part is completely outlined while the fieid problem needs more study. The
amount of research effort and computer time that should be devoted to this
problem depends in part on the impurities to be considered. For relatively
immobile shallow dopants the simpler modified W & N approach shculd be adequate.
If we also wish to study such problems as Cr redistribution in GaAs, a more
accurate approach is needed. Since Cr is the most widely used dopant in
semi~insulating GaAs, it is of particular interest to us.

Computing is in progress and we hope that before long we will have some

interesting results.
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2.3 Diffusion and Electronic Properties of Cr in GaAs

by H. Rohdin and M. Muller

2.3.1. Introduction

In the course of the work on field assisted redistribution of impurities
during epitaxial growth, treated elsewhere in this report, we encountered
several interesting redistribution properties of Cr in GaAs.

Cr in GaAs 1s a very interesting system technologically. Cr has the
ability to produce semi-insulating (SI) GaAs and thus to compensate the
residual donors in bulk grown GaAs. The semi-insulating properties seem
remarkably independent of the amount of Cr added during the growth process.
During high temperature treatment, such as post-implantation anneal, pre-
epitaxial growth anneal and the epitaxial growth itself, redistribution of
Cr occurs, which may degrade the wished-for electronic properties. It is
therefore important to understand the causes of the redistribution of Cr in
GaAs,

In the hope of being able to incorporate Cr transport into our model
we started to investigate the properties of this system. So far the inves-
tigation has essentially been based on a rather extensive literature search
in various fields, the most interesting being redistribution properties of
Cr ions in GaAs, electronic properties of GaAs:Cr, optical properties of
GaAs:Cr, and magnetic properties of the different Cr ions in GaAs. We soon
realized that the problem was not an easy one. A lot of seemingly con-

tradictory features are puzzling.

C e it
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We have tried to develop a model that is consistent with most data in the
different fields. So far it is tentdtive and experiments have to be per-
formed to test it. We plan to do this in the near future. Here we will
present the work done to date.

We will start by presenting some results from experiments performed on

GaAs doped with Cr. We will point out the interesting features and the

often encountered feeling of variability and contradictions in the results.

We will take a brief look at Zn transport in GaAs. This is probably the

most extensively studied case of acceptor diffusion in GaAs, and it can
serve as a basis for discussion of Cr diffusion in GaAs. Then follows a
survey of the well-established electronic behavior of Cr in GaAs inferred
from electric measurements, EPR data and photoluminescence and photoconduc-
tivity data. Then comes a crucial section were we try to motivate the
existence of interstitial Cr acting as a donor. This is not a new idea, but

E it never seems to have gained credibility since its suggestion by Broom

Y [1] in 1967. A discussion in general terms about energies associated with
. different sites and charge states of Cr in GaAs, and on the corresponding
one-electron energies will follow and serve as an introduction to an explicit

motivation for auto-compensation of Cr in GaAs. Vacancies play an important

s
LS
LR T

- role in the model and a short treatment of the pertinent vacancy chemistry
and resulting concentration profiles will be given. A short sketch of the
possibility of superfast diffusion will precede the presentation of our

tentative model for Cr in GaAs. Finally we will apply the model to explain

s . o O, 4 A7

some of the experimental results in section 2.3.2 together with the explana-

s @ gy vin

tions given by the different authors.
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2.3.2. Certain Experimental Results on GaAs:Cr
2.3.2.1 Redistribution of Cr in GaAs
2.3.2.1.1 Annealing of Cr without encapsulation

Kasahara and Watanabe [2] and Tuck et al. [3] reported on Cr distribu-
tion in GaAs after annealing of Cr doped GaAs with encapsulation. Graphs
taken from the two papers are shown in fig. 1 and 2 respectively.

[2] observed that for zero As pressure and an annealing .time éf one hour
there was no outdiffusion for temperatures below 700°C. For temperatures
above 800°C there was outdiffusion and the Cr concentration decreased
gradually approaching the surface where it tended to zero.

For As-pressure larger than zero, when [2] annealed at a temperature of
850°C for one hour, the surface concentration no longer tended to zero. The
amount of outdiffused Cr decreased.

[3] reported that one-hour annealing at 750°C resulted in a uniform
lowering of the bulk Cr concentration. A high peak developed at the surface.
For higher As pressure there was less lowering of the bulk concentration, a

higher surface peak and all together less total outdiffusion.

There are three interesting things to note when comparing the results in

[2] and [3]:

1) For higher As pressure the total outdiffusion was lowered. In [3] the b
Cr concentration in the entire crystal was affected. In [2] just the
surface region was affected.

2) For essentially the same annealing temperature and time [2] and (3]
got completely different profiles,

3) In the GaAs:Cr that [2] used, the Cr was incorporated during bulk growth,

while in [3] the Cr had been indiffused in the form of 51Cr.
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Fig. 3. Chromium profiles after annealing at 850°C
for 60 min under Pyn,=(a) 7.6 Torr, (b) 0.15 Torr,
and (c) OTorr. Experimental SIMS data are
represented by the dots for the case of Py, ~7.60
Torr. A broken line (c) is the smoothed-out experi-
mental profile. Solid lines were caiculated by eq. (1).

Fig. 1. Cr profiles in GaAs after annealing without
! encapsulation taken from [2]
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2.3.2.1.2 Annealing of GaAs:Cr with encapsulation
Favennec and L'Haridon [4], Huber et al. [5] and Asbeck et al. [6]
all studied annealing of GaAs:Cr with a 813N4 encapsulation. Graphs from
these papers of Cr distribution after anneal are shown below in fig. 3-5.
They all observed a very thin Cr peak at the substrate-encapsulant

interface and a thicker Cr depletion zone below the interface. Note that

the depletion and the extrapolation of this, i.e. the Cr concentration minus
the surface build-up, is considered to be the "real" diffusion profile, to
which an erfc-function can be fitted. When the redistribution is so large
that electrical conversion occurs the substrate is considered "unqualified".

In fig. 5 the upper curve is probably from an unqualified substrate while

the other two probably are from qualified ones.
2.3.2.1.3 Diffusion of Cr into SI-GaAs:(Cr

This was also studied by Tuck et al., [3]. Fig. 6 is taken from this
paper.

There was an exceedingly rapid penetration of Cr through GaAs at temper-
atures between 800 and 1100°C. The profiles did not show a simple erfc-
form. Instead there was a rapid fall-off at the surface while in the bulk
the Cr concentration was essentially constant. ©Note that this was the way
the substrates used in the outdiffusi;n experiments treated in 2.3.2.1.1
were prepared. The surface region was removed before outdiffusion.
2.3.2.1.4 Epitaxial growth of GaAs on Gads:Cr L)

Tuck et al. [3] and Wilson et al. [7] both performed epitaxial growth

of GaAs on Cr-doped GaAs. In [3] VPE growth at 750°C of undoped and S-doped

epitaxial layers were performed on substrates doped with Cr during bulk growth
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; Data points within .1 gm of the GaAs surface have been omitted (see
text). )

Fig. 3~5. Cr profiles in GaAs after annealing with encapsulation
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and by indiffusion of Cr radiotracer as described in 2.3.2.1.3. The result
is shown in figure 7.

In [7] undoped layers of GaAs were grown by LPE at 800°C on SI-GaAs:Cr
were the Cr was incorporated during bulk growth. The result is shown in the
figure 8.

[3] observed large outdiffusion and noted that S-doping inhibited
outdiffusion. [7] observed less outdiffusion and an erfc-function could
be fitted to the Cr profile.

Note that in [3] the outdiffusion was larger than in [7]. Note also
the difference in incorporation of the observed Cr ions.
2.3.2.2 Electronic Properties of Cr in GaAs
2,3.2.2.1 Bulk grown GaAs:Cr

Cronin and Haisty [8] were the first to report on the electronic pro-
perties of GaAs doped by Cr during bulk growth. They observed that if one
adds a sufficient amount of Cr to the melt the resulting GaAs is semi-
insulatidg. This is so even when the added Cr amount is much larger than
the residual donor concentration. The table in fig. 9, taken from (8],
iliustrates this.

Determination of the conductivity type of the crystals by Hall
measurements and thermal probe did not always yileld the same answer.
According to Dr. C.M. Wolfe the thermal probe technique probably was the
most reliable. If so, the type can be either p or n. This agrees with the
observations of Zucca {9] who also noted that excess Cr still produced
gsemi-insulating GaAs.

Brozel et al. [10] observed in their experiments that a larger Si con-

centration during bulk growth resulted in a larger Cr concentration. They
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also concluded that Cr is a double acceptor in GaAs. This is the commonly
accepted picture of the electronic action of Cr in GaAs. Note that the
common observation is that the concentration of compensating Cr is adjusted
to the concentration of the residual donor to be compensated. ([10] also
observed a geometrical adjustment.
2.3.2.2,2 Cr indiffused into GaAs

Tuck et al. [3] performed Hall measurements on GaAs samples into which
radioactive Cr had been indiffused. Their result: If the sample initially

4cm73) after indiffusion. If the

was SI~GaAs:Cr it became p-type (p=6XI0l
sample initially was n—-GaAs:Te it became high resistive (n or p<1014cm-3) in
a region below the surface while beyond this the sample remained n-type.
2.3.2.2.3 SI-GaAs:Cr annealed under encapsulation

Asbeck et al. [6] observe a spurious n-type layer just below the
GaAs~-Si3N4 interface as illustrated by figure 10 taken from [6].

In addition, Favennec and L'Haridon [4], Huber et al. [5] and Asbeck

et al. [6] all reported a thicker n—con&ucting layer below the interface for
non~qualified SI-GaAs:Cr substrates corresponding to the Cr depletion region
discussed earlier. For some substrates [4] got p-conversion. The three
cases observed by [4] are illustrated in fig. 11 below.
2.2.4 Epitaxial growth of GaAs on SI-GaAs:Cr

In K.H. Nichols' doctoral dissertation [11] fig. 12, based on the
results of Yamasaki et al. [12], appears. 1t shows an interfacial region
with higher electron concentration than expected. Essentially the same

phenomenon was reported by Khokhlov et al. [13]. They grew nondoped VPE

layers on SI-GaAS:Cr. Fig. 13 is taken from their paper.

P
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Table I. Properties of chvomiu;—d_op:d GoAs ot 300°K ~  ~

uuclryxh R R/, lz,:,’:i'c,r

.l I. - v

Crystal l:;pv‘v':) e.ffxﬁ'm/u v‘f;'.‘{) (ohn:-eml cc"i:‘n‘t p‘:':lbc
3-37 0.2-0.3 1.2 x 10!t 1130 1.08 x 108 n P
3-41 04 28x10® 2120 134 x10-! n n
3-42 0.2-05 8.8 x 101 256 3.43 x 10¢ n P
3-44 0.4 3.5 1018 630 5.61 x 108 n p
3-45° 0.4-05 30x 108 — 330x10*% n n

4.0 x 101

555-215 18 3.2 101 1120 284x 108 n P
555-216 3.5 29 x 1011 693 417 x10* n P
3-50 360-400 1.3 x 1019 614 215 10* n P

¢ Crystal 3-45 inh Two
messurements at each end of sample.

)| for Hall coefficient are

Fig. 9. Electrical data of GaAs doped with Cr
during bulk growth taken from [8]
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Fig. 3. Comparison of carrier density profiles in unimplanted, annealed
samples with predicted profiles based on Cr redistribution.

Fig. 10. Electron concentration profiles in GaAs:Cr after
annealing with encapsulation taken from (6]
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Fig. 11. Surface carrier concentration in GaAs:Cr
substrates after implantation and annealing
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Fig. 12, 13, Electron concentration profiles in epitaxial layers
grown on S1-GaAs:Cr substrates
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Both [12] and [13] got an increase of the electron concentration in
the layer close to the layer-substrate interface. Fig.'13 shows a region of
lower electron concentration as well.

Schlachetzki and Salow [14] grew non doped LPE-layers at different
temperatures and from different source materials. For each source material
(I and I1) they got n-type, p-type or semi-insulating layers depending on
the growth temperature. For temperatures close to a temperature TO’ specific
for each source material, they got SI-GaAs layers. For growth temperatures
larger than To they got p~type layers and for growth temperatures below To
they got n-type layers. Fig. 14 below is taken from [14].

Khokhlov et al. [13] also reported that for high temperatures the

carrier density in theilr VPE layers increased faster with temperature than

the intrinsic concentration, This is fllustrated below in figure 15 taken

from [13].
2.3.3. 2Zn Diffusion in GaAs

Zn diffusion in GaAs is well explained by a substitutional-interstitial 3

diffusion model in which the Zn ions are distributed over both substitutional
and interstitial sites. More specifically, the assumptions associated with
this model are:
1) Zn can exist substitutionally, substithting for Ga (ZnGa), where it
acts as a shallow single acceptor,
2) Zn can also exist interstitially (Zni), acting as a shallow single
donor.
3) Ga vacancies (vGa) are neutral and electrically inactive.

4) There 1s an equilibrium reaction in which Zn changes site:
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+ o = - +
Zni + VGa + ZnGa + 2h
with the mass action law
+ - 2 1/2
(20,1 = [20g,) (o) /KD By

where y is the hole activity, K(T) the equilibrium constant and PAs

2
the As-pressure.

5) The concentration of Zni is much smaller than that of cha i.e.

[ZnI] << [ana] 2 [Zn]

These assumptions lead to an over-all diffusion constant (including

drift in the built in field) which is proportional to the square of the

Zn_ -concentration:
Ga

D(Zn) ~ [z:{;a]2

Non-equilibrium effects do contribute but the treatment gives excellent agree-
ment with experiment as long as the Zn concentration is not too high. Casey
wrote a review article [15] which emphasizes Zn diffusion in GaAs. Figure 16
is taken from this and shows the good agreement between theory and experi-
ment, Note the difference between these profiles and those obtained by Tuck

et al. [3] shown in section 2.3.2.1.3: 2Zn is absorbed by Ga-vacancies
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in an equilibrium process which leads to a sharp cut off in the diffusion_
profile while Cr show extremely high penetration leading essentially to
a uniform bulk concentration as well as a surface build up. This indicates
a completely different transport mechanism for Cr. In our model, however,
the Cr diffusion mechanism does have some similarities with Zn diffusion
as we will see.
2.3.4. Well Established Electronic Properties of Cr in GaAs
The free Cr-atom has the electronic configuration 3dsbs. In Gaas,
Cr is considered to occupy Ga vacancies. This basically leads to a
tetrahedral symmetry for the Cr atoms. Cr contributes 3 electroms to
form bonds with the & surrounding As atoms. This leaves a Cr3+ core
which generally is supposed to be able to accept one or two electrons.
We thus have at least 3 charge states of Cr on Ga-sites:
Cr3+ - neutral
Cr2+ - one electron accepted
Cr+ - two electrons accepted
In reality the first two states do not show tetrahedral symmetry.

Instead Cr3+ and Cr2+ are unstable to Jahn-Teller distortion as reported

by Krebs and Stauss [16], [17].

Figure 17, taken from [18], shows a phenomenological ionization
diagram including lattice relaxation for Cr in GaAs. Both acceptor
levels are deep. Figure 18 shows a more detailed scheme taken from
[19]. This is based on EPR data. We can see how the Jahn-Teller dis-
tortion of the Ct2+ center has lifted the orbital degeneracy of the

d-levels. From optical data Stocker and Schmidt [20] deduced the level

scheme shown in fig. 19.
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FIG. l.AachemﬁcphenomeuoloﬁalioniudoadiammforCrinGm
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hnﬁonduivetothehndsduwlmieeewpliag(bmkenﬁna). Upward
transitions represent optical excitation invalving exchange of cacriers with
the bands; downward transitions represent carrier capture. Cr* * is regard-
od as a double acceptorin GaAs, withCr* * and Cr' * representing first and
second ionization siates, respectively.
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Details in these schemes may differ due to the different underlying
experiments but the overall picture of two deep acceptor levels emerges
clearly.

2.3.3. Cr as an Interstitial Donor in GaAs
As mentioned in the introduction, Broom proposed in 1967 [1], to explain

why he had

in his Cr doped GaAs samples, "an auto compensation mechanism in which part
of the total number of Cr atoms is either neutral, or possibly at inter-
stitial sites, acting as donors". The idea came from a paper by Allen [21]
concerning autocompensation by oxygen in GaAs. In the case of Cr the idea
has never seemed to get wide acceptance. We believe that Cr actually is
autocompensating. This seems, together with other ideas to be presented in
the following sections, to be able to account for many of the experimental
results assembled in section 2.3.2.

In addition to Broom's reason there are other indications of an inter-
stitial Cr-donor.

Deveaud and Favennec [22] observed a new PL-line in substrates that had
been Cr-implanted and annealed, and also in contaminated epitaxial layers,
i.e. layers into which Cr had outdiffused from the substrate. A very
interesting thing about the latter is that, although the region into
which Cr had outdiffused contained almost as much Cr as the substrate, it
was not semi-insulating. Furthermore the new PL line was much stronger

than those usually assigned to Cr. They suggested that Cr may be located

i e il
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elsewhere. Overall their result is consistent with the existence of an
interstitial Cr~donor.

Schlachetzki and Salow [14] and André and LeDuc [23] got n~conductivity
in GaAs crystals grown from the liquid phase. [23] concluded that Cr forms
a shallow donor contrary to Cr-doped crystals grown from the melt.

A reason why Cr may find it favorable to exist in GaAs at a place
different from the substitutional site can be found in [19] where the
authors, Kaufmann and Schneider, say that to their knowledge Cr3+ has never
been observed in tetrahedral ligand coordination in any semiconductor.
Furthermore, they say, there exist no stable tetrahedral Cr3+ complexes.

Once a Cr3+ occuples a Ga—-vacancy the instability of the tetrahedral
configuration seems, in the light of what is said in [16] and [17], to
gtesult in Jahn-Teller distortion.

For the sake of comparison we list some of the pertinent properties of
Cr together with those of two impurities, Zn and Cu, which do occupy both

substitutional and interstitial sites.

Cr Zn Cu
Electronic activity deep double shallow single double
in Gaas acceptor on acceptor on acceptor sub-
Ga-site Ga-site; shallow stitutionally;
single donor single donor
interstitially interstitially
Electronic configuration 3d54s 3dlobs2 3dloks
Ionic radius for +l-ion (A) 0.8l 0.88 0.96
First ionization energy 6.764 9.391 7.724

(eV)

Atomic number 24 30 29

s .

N
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Apart from the fact that Cr is a transition metal, the properties of Cr do
not differ much from those of Zn and Cu. Most interesting is that the ionic
radius of Cr is the smallest of the three, which intuitively would make an
interscitial site favorable.
2.3.6. Site Energies and Cr Distribution Over Sites

If Cr can exist both substitutionally and interstitially, it is of
course of interest for both the electronic properties of GaAs:Cr and the
transport properties of Cr in GaAs to determine the Cr distribution among
sites.

In view of what has been said about the stability of the different Cr
ions we will try to motivate the principal and phenomenological site energy
scheme in figure 20.

Both Cr3+ and Cr2+ are unstable to Jahn-Teller distortion, the former

being the least stable. The minimum energy position should therefore be
displaced from the Ga-site. Krebs and Stauss [16] suggest that Cr3+
belongs to a class of centers which exhibits Jahn-Teller distortion with
large stabilization energies. I1If so, the barrier for Cr3+ against going
interstitial should be rather large. As, according to [19], Cr2+ is less
unstable than Cr3+, the corresponding barrier is expected be even larger for
Cr2+. This should be even more true for Ct+ which is stable to Jahn-Teller
distortion.

For interstitial Cr the barrier is probably large as well. This is
indicated by the observation in [22] that Cr outdiffused into a growing

layer did not produce semi-insulating material i.e. did not in general go

into a substitutional site where it may act as an acceptor.

e
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The discussion of the site energy scheme is not intended to contain
any detailed information. The essence of it is to couvey our belief that

the barriers involved are substantial, leading, in general, to a nonequili-

brium distribution of Cr ions over the sites.
The redistribution among sites should depend on:

1) The temperature: the higher the temperature, the more easily the Cr
ions may overcome the barriers.

2) The doping: in more n-type material fewer Cr ions leave their substitu-

tional sites, since most of the Cr ions are in the more stable states

Cr2+ or Cr+.

3) The vacancy concentration: the larger the concentration of Ga
vacancies, the larger is the tendency of Cr ions to be substitutional.
Only for very high temperatures should it be easy for Cr ions to come
into equilibrium. At bulk growth from the melt it seems reasonable that the
Cr ions could be incorporated in their equilibrium distribution. If so,
the latter should coincide with the distribution necessary for a high degree
of compensation, since nearly perfect compensation is almost always observed
for sufficiently high concentration of Cr when incorporated during grdwth
from the melt ([1],([8],[9],[10]).
During epitaxial growth the situation is different. First of all,
the redistribution after incorporation into the lattice is inhibited by the
lower temperatures. Furthermore the incorporation into the lattice may
differ with growth temperature and vacancy concentration (which depends on
the temperature and the type of epitaxial growth).
In the case of indiffusion of Cr the situation again is different. As

r *hen enters an already grown lattice it seems likely that the Cr to a

4 P - —— v ———— v



larger extent should remain interstitial compared to incorporation of Cr
during epitaxial growth.
2.3.7. One-electron Energies

Approximate values for the one-electron energies associated with

Cré: and Cr;a can be inferred from the level schemes in section 2.3.4. The

level associated with Crga should lie somewhat above the intrinsic Fermi

level while that associated with Cré: should lie close to it but below,
so that when the material is compensated (essentially intrinsic), most
CrGa are Cré:. The one-electron energy of Cri should be close to the
conduction band since the donor is thought to be shallow [14].
A phenomenological one-electron scheme is shown in figure 21. A
level associated with a shallow residual donor is included.
2.3.7.1 Occupation of the One-electron Energy Levels
If we proceed in a fashion similar to that in Seeger [25] p. 35-40
we can get the occupation of the different one-electron levels.
Notation:
g-statistical weighting factor
[x] - concentration of species x

subscript s on substitutional Cr

subscript i1 on interstitial Cr

[cr,] = [Cr:] + [c:i*] + [Cr:+]

[cr,] = [Ccrgl + [cr]]
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(cefl - ey - 2perl) + Ny+p-nso (10

2.3.8. Explicit Motivation for Autocompensating Cr in GaAs at Room Temperature
(300K)
Suppose now that there is no interstitial Cr donor level and that all
the Cr is substitutional on Ga sites and acts as double deep acceptors.
Assume room temperature (T=300K) and consider the valence band as one
single band.
2.3.8.1 The Resistivity as a Function of Fermi Level
Impurity scattering is not dominant at room temperature, so the mobi-
lity is essentially independent of doping. We use Kittel's [24] values for

the mobilities:
2
My = 8800 V cm“/s
2
"p = 400 Vem' /s

The resistivity is then given by (two bands)

—L1+1/b
1+ 1/b O

p=p
L&+ a/mye™

where Py is the intrinsic resistivity

o, = lau o, GH/BI, (2)




b= un/up

X

e
KT

E_.-E
The logarithm of %— is plotted below in figure 22a as a function of FkTi .

i E.F--Ei

The maximum value of p occurs for
EF-E kT
kTi < 2 the resistivity is less than 10%Z of this and falls exponen-
E_-E

tially the further away from FkTi

2.3.8.2 The Fermi Level as a Function of Cr Concentration

~-1.5. Outside the region

-5 <

= -1.5 one gets.
At room temperature, T = 300K, the band gap is
E = 1,42 eV
g

electron mass and mean value of the hole masses are

m, = 0.07 oy

m = 0.33 oy

The intrinsic carrier concentration is

n, = 1.75 - 10 co™3

.
[ R ey = g
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The intrimnsic conductivity is
8
Py " 3.9 - 107 Qcm

The intrinsic Fermi level lies at

G LN =

1
E1 -3 (Ev+Ec) + 0.1 meV

which is essentially in the middle of the gap. We chose the following values

which are inferred from the level schemes in section 4 R

: .es+ = Ei +0.3 eV ;

; For the shallow residual donor we pick

e; = Ec - 0.01 eV

B | We do not know the statistical factors but let us assume that these are all 2,

as in the case of shallow impurities.

artiiihidn snat,

t
_3 For the residual donor concentration we pick a typical value

1 . N, = 100 o

I
'
1
i
i
H
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We use formulas (3), (4), (6), (7), (8), (10) of section 2.3.7.7 to
numerically determine the Fermi level as a function of the Cr concentration.
The result is shown in figure 22b and c. 22c is just a more detailed plot
of the region in 22b where the Fermi level drops steeply. The interval in
Cr concentration over which the resistivity is larger than 90% of its
maximum value is less than two orders of magnitude. This is not consistent
with the results obtained by Cronin and Haisty [8] who did not observe any
significant difference in resistivity when they changed the Cr content 3
orders of magnitude. This indicates that some kind of autocompensation
mechanism is likely.

2.3.9. Vacancies in GaAs

Since the vacancy concentration is intimately connected to the diffusion
of substitutional species it is worth taking a look at vacancy formation
and distribution in GaAs.
2.3.9.1 Equilibrium Reaction and Mass Action Laws

Let us assume first that the vacancies are in equilibrium with the rest
of the crystal. There are a number of reactions in which the vacancies are
produced. The presence of a surface will change the situation there, so we
distinguish between the surface (S) and the bulk (B) far from the surface.

Subscript g stands for gas phase, 1 for liquid phase and s for solid phase.

Bulk and Surface:

Ga,, < Ga + V. s [6aJIVg, ] = R (D) (1)

As, <+ As +V, 3 [As ][V, ] = Ky(T) (2)

Ga, + As, P Gahs_ : [Ga 1[As,] = Ky(T) 3)
adB T

bR

iy ROLT sl L it e me

e T
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The most interesting expressions are (9) - (12)
2.3.9.2 Resulting Concentration Profiles.Diffusion

Note that the vacancy concentration at the surface and infinitely far
away from the surface are different, as one might expect. It is also reason-
able to assume for "'normal' As-pressure that the vacancy concentration at
the surface is much larger than in the bulk. Between the surface and bulk
we have a3 transition region where the vacancy concentration falls off to the
bulk concentration. This fall-off is smoothed by diffusion of vacanciles from
the surface. Note that the surface concentrations of vacancies are constant
(for comstant PAs) if the diffusion is slow enough so as not to drain the
surface region and displace the equilibrium point. We thus expect a erfc-
form of the vacancy concentration sufficiently close to the surface. This
is observed by Chiang and Pearson [2€] who also find the diffusion
coefficients

3 2

D(V,) = 7.9 x 10° exp(-4.0 eV/kT) cm 1

s

D(Vg,) = 2.1 % 107> exp(-2.1 eV/kT) cm’s "

In the bulk one expects the same concentration of VG

enthalpy change for the formation of neutral VGa and VAs is the same ([26]

P. 2989). At the surface the concentration depend on P

and V since the
a As

As but one expects
normally that [vAs]S > [vGa]S' Figure 23 is taken from [26] and shows the
vacancy profiles close to the surface. A total picture of [vAs]’ [vGa] in

accordance with figure 23 is shown in figure 24,




Fig. 23.
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ELECTRON CONCENTRATION, a (cm™¥)

un 5 EXPERIMENTAL DATA  (800°C, 25.5 hrs)

1 Y

\ \

| | J
lO'Jr \:-—--VG‘ (acceptor) 3

l‘\v“(mmu)
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FIG. 1. Comparison of experimental results with theoretical
calculations assuming complementary error function diffusion
profiles for Ga and As vacancies. Sample was originally un-
doped, m=3x10" cm™, ;

Near-surface vacancy distribution in GaAs
taken from Chiang and Pearson [26]

2 4 [3 [] 10 12 L] 1
DEPTH BELOW THE SURFACE, d{um)

Fig. 24,

distance from surface (arb. scale)

Phenomenological overall picture of the vacancy
distribution in GaAs
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The impression one generally gets is that As is very volatile and that
GaAs, when heated, loses much more As than Ga. We do not think this is
true in general. The difference between As and Ga is that, outside the
sample in the ampoule, As, due to its high vapor pressure, is the species
that is noticed, while Ga is just present as a liquid film on the sample.

For long annealing when the bulk concentrations start to get much
larger than the equilibrium value we expect to get disclocation climb which
will eat vacancies.
2.3.9.3 Electric Activity of Vacancies

{26] argues that VAs is a donor and vGa an acceptor. This will fit
well into our model. But there are other opinions. Dr. C.M. Wolfe thinks
vacancies are not electrically active, and this could also be accomodated
in our model to be presented below.
2.3.10. Super Fast Interstitial Diffusion

Cu is known to diffuse extremely fast in GaAs. It is believed that it
diffuses interstitially. Weiser [27] developed a theory for interstitial
diffusion in the diamond lattice. He found that one would expect some ions
of intermediate size to diffuse interstitially, virtually without any
potential barrier between equilibrium sites. He proposes that this may be
the case for Cu in GaAs which would explain its diffusion behavior. It is
not possible to make any direct comparisons with Cr which has an unfilled

d-shell and has 16% smaller ionic radii than Cu, but it is conceivable that

interstitial Cr may also diffuse rapidly in GaAs.




2.3.11. A Model for the Diffusion and Electronic Properties of Cr in GaAs

We are now ready to summarize what has been said so far in a few.
points that will form the basis of a model that seems capable of explain-
ing many of the experimental results in section 2.3.2 in a unifying way.

1) Cr can, in addition to being a double deep acceptor on Ga-sites.
also occur interstitially where it is a shallow donor.

2) The initial distribution of Cr between interstitial and substitu-
tional sites is in general not an equilibrium one, due to the large barriers.
It depends on:

a. under what circumstances Cr was incorporated, i.e. tempera-
ture, vacancy concentration, and doping

b. how the Cr was incorporated, i.e. whether it was during bulk
growth, in diffusion, epitaxial growth, etc.

3) The redistribution of Cr depends on:

a. the initial distribution of Cr between interstitial and
substitutional sites, i.e. on the distribution dealt wifh in
2) and on the redistribution among sites. The latter depends
on temperature, doping, and the local vacancy concentration.

b. the spatial distribution of VGa’ i.e. on the initial distri-
bution, net generation and diffusion. The generation depends
on temperature and As-pressure at the surface.

c. the response to the driving forces which depends on tempera-

ture. The driving forces are concentration gradients, elec-

tric fields, strain fields.
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4) The interstitial Cr is very mobile. It moves interstitially,
virtually without any potential barrier. The substitutional Cr
moves slowly by a substitutional mechanism.

If Cri is a shallow donor we have approximately

+
[cr,] = [cr,] e¥
For Crs we have to take all the charge states into account

[er ] = [ee2¥] + [er?*] + orl) (2)

[Cr:+] and [Cr:] are determined by the Fermi level EF according to
equation (3) and (4) in section 2.3.7

[c:i*] = [Cr_1£,(Ep) (3)

[cri] = [or )£, (B) )

The presence of different species which diffuse and react with each
other necessitates a set of coupled differential equations to describe the
redistribution. Suppose for simplicity that a one dimensional approach is
appropriate.

aler,] 32[ce

3[Crs]
BEY

ot

1
2 w(Cr, )F(Cr,)[Cr, ] -

axz
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2, . ot
afce™] a%[ce™]
e D(Cr:+) —;;;— - m(Cr:‘“)r(Crg*)[Cr:*‘] + Vg, Cr,] -
p e, n=1,2,3
2V, ] az[vGa] alcr ]
ot = D(VGa) ax2 - s([VGa] - [VGa]o) - ot

The D's are the diffusion coefficients, the m's are mobilities and

the F's are forces acting on the different species. The terms
n+t+
rn[VGa][Cril - pn[Crs ] n=1,2,3
model the net capture of interstitial Cr. The term

-S([VGa] - [v

Ga]o)

models the net production of Ga-~vacancies. [V ]o is the equilibrium

Ga

Ga-vacancy concentration. According to the stability discussion in sec-

tion 2.3.6, P, should be largest for n = 3, Depending on the Fermi level

any of the r, can be the largest.

(6)
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R T Y SE

oot adin

indilleciiiin.




P . e e e A o Kbl s e

2-83

2.3.12. Comments n the Experimental Results

We will now go through the experimental results that we reviewed in

section 2.3.2. We will give our interpretation and when possible compare it

with that of the authors.

2.3.12.1 Redistribution of Cr in GaAs

f s darhinra

2.3.12.1.1 Annealing of Cr without encapsulation

Kasahara and Watanabe [2] observed that for PAs

decreases and the surface concentration does not tend to zero. They explain

> 0 the Cr outdiffusion

this by a smaller thermal conversion at the surface, resulting in less

surface conductance.

According to our model the substitutional Cr diffusion should be

G
We suggest that the Cri that is present diffuses rapidly toward the surface, 4

enhanced by a larger PAS since this results in a higher V a concentration.

where it partly leaves the sample and partly is captured by Ga vacancies.
For larger PAs we will get a larger capture of Cri and less outdiffusion. 1

i Thus the surface concentration will not tend to zero.

[2]) also report that for large éemperatures and diffusion times they

3 got more outdiffusion than expected, especially for PAs = 0, They propose
t; that an increase in VGa—concentration should increase Cr diffusion. As men-
*14 tioned we think this unlikely., Instead we propose that for PAs = 0 we have
{? few vGa' There will be little capture of Cri which outdiffuses rapidly
2 without accumulating at the surface. q

The results suggest that PAs controls the surface condition but has }‘
negligible effect on the bulk. We think that, due to the effect of PAs on
[VGa] in the sutfacetregiﬁn, PAs will affect both Cr diffusion modes. It
; i will affect the interstitial diffusion much further into the bulk, since this

-
T . — -

o .
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is the fastest mode. But in this case [Cri] is probably much smaller than
[Crs] which means that the bulk will be essentially unaffected, while the
surface region will be affected in the way.just described.

Tuck et al. [3] got much larger outdiffusion than [2]. We think that
this is because the detectable Cr in this case is indiffused into the
material, resulting in a muéh larger proportion of Cri. The bulk concentra-
tion is lowered uniformly. This would be the case if Cr diffuses superfast,

which is what we suggest about Cr The authors suggest that the migration

L
occurs interstitially which is consistent with our picture.

The high surface peak that develops could be explained by the vacancy
distributions that we discussed. In regions of high VGa concentration there
would be a large capture of Cri causing a build up of Cr. The authors too
suggest indiffusion of Ga vacancies as an explanation.

For larger P they got a higher surface peak and less total out-

As
diffusion. They explain this by the more stable conditions, due to higher

P

As® We suggest a more specific explanation: At the surface there will be

This leads to an effectively lower

larger capture of Cri for higher P

As’
mobility there, and to less total out diffusion. In the bulk the mobility
is still the same which leads to the observed constant bulk concentrationm.
This is higher due to the lower effective surface mobility.
2.3.12.1.2 Annealing of GaAs:Cr with encapsulation

[4], [5] and [6] all observed a Cr depletion zone below the interface
and a much thinner Cr pile-up close to the interface. The depletion region
is considered to be due to normal outdiffusion of Cr while the thin pile-up
is an anomaly proposed by [5] to be due either to interface contamination or

non-equilibrium incorporation of Cr. We agree about the depletion region.
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It is probably due to substitutional outdiffusion of Cr. The pile-up at
the interface may also be due to forces such as strain from interface and
electric fields due to interfacial states. Since the interface concentration
according to [5] is higher than the solubility it is likely to be Cr,.
2,3.12,1.3 Diffusion of Cr into SI-GaAs:Cr

As mentioned in section 2.3.2, Tuck et al. [3] observed rapid fall-off
in Cr concentration near the surface and exceedingly high penetration of Cr
leading to uniform bulk concentration. The authors suggest that these
features are due to indiffusion of Ga-vacancies and to interstitial
diffusion respectively. This agrees with our vacancy picture and our sugges-
tion that incorporation of Cr by indiffusion occurs interstitially, and is
essentially what was said in section 2.3.12.1.1,
2.3.12.1.4 Epitaxial growth of GaAs on GaAs:Cr

Tuck et al. [3] get large outdiffusion and note that S-doping of the
epilayer inhibits the outdiffusion. They explain the latter by (1) the
presence of a substitutional impurity (S) on one sublattice is sufficient to
affect the solubility of amother (Cr) on the other sublattice and (2) the
vacancy concentration is a function of the Fermi level. We explain the
large outdiffusion as a result of the large amount of interstitial Cr in
the substrate. In our picture n-doping enhances capture of Cri since it
induces the Cr to go into a compensating acceptor state. This lowers the ;;

effective diffusion constant. Wilson et al. [7] get less outdiffusion than

{3]. Their substrates are prepared in the usual way to get SI-GaAs:Cr,

which for not too large Cr content gives little interstitial Cr that can

outdiffuse.
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2.3.12.2 Electronic Properties of GaAs:Cr
2.3.12.2.1 Bulk grown GaAs:Cr
Cronin and Haisty [8] were first to report that Cr doping of GaAs gives

SI material for sufficiently large Cr concentration, even for a large excess

o 3

.

of Cr. They explained this by Cr being a deep acceptor and found unverified

indications that the excess Cr precipitated in a second phase. In our

B U BT NN ™ Ko e

picture the almost perfect compensation is due to autocompensation of Cr.
Zucca [9] reported that SI-GaAs:Cr can be either n- or p-type. In our

picture, if the incorporation of Cr is not ideal, too little or too much Cr,
can be incorporated, causing n~ or p-type material, respectively. Zucca also
observed that for excess Cr, Na/Nd was s8till close to 1. He explained this
by invoking a deep donor which he suggested was oxygen. He could not verify
this, and in the most Cr-rich sample, which also was compensated, he could
not detect enough oxygen to explain the observation. We instead invoke our
autocompensation mechanism to account for the phenomenon.

; Brozel et al. [10] observed that increasing the Si concentration

during growth also increased the Cr concentration and that parts of the

crystal which had high Si concentration also had high Cr concentration.

Cag g

This indicates that Cr also distributes geometrically so as to compensate
shallow donors, as suggested by the coupled transport equations.

i 2.3.12.2.3 Cr indiffused into GaAs

14cm-3) material after indiffusion |

Tuck et al. [3] got p~type (p=6.4x10
of Cr into SI-GaAs:Cr. This is surprising to us since we would have

‘{ expected the indiffused Cr to be, mostly shallow interstitial donmors. When

they indiffused Cr into n-GaAs:Te the material became high resistive




14

(norp<10 cm.3) in a 75 ym thick region below the surface, while beyond
this the material remained n-type. This is less surprising. We expect the
n-doping to enhance the capture of Cri, especially in this case when the
material was not pre-doped with Cr.

2.3.12.2.4 $1-GaAs:Cr annealed with encapsulation

Asbeck et al. [6] observed a spurious n-type layer just below the
interface. This fits well with our picture. We have argued before from the
point of view of solubility that the thin Cr peak at the interface probably
is Cri, in which case the material éhould be n~-type here.

Favennec and L'Haridon [4] observed three kinds of substrates: quali-
fied (A), those that showed n~conversion (B) and a few that showed
p-conversion (C). The n-conversion was explained by outdiffusion of Cr,
leaving a Cr depleted region. The p-conve;sion was more complicated, but
could occur according to the authors if (1) four levels are present at the
same time: a shallow acceptor, a shallow donor, a deep acceptor and a deep
donor, and if (2) the deep donor diffuses towards the surface.

We think that the behavior can be explained in tewms of the initial
distribution of Cr among sites and the number of residual donors.

A. There is just enough Cr to compensate not too many residual donors.
In absolute numbers then, little Cr will outdiffuse substitutionally. The
material is compensated even after anneal. The substrate is qualified.

B. There is just enough Cr to compensate many residual donors. In
absolute numbers, much Cr will outdiffuse substitutionally and leave
unneutralized donors. The material will be n-type in a region below the

interface. The substrate is unqualified (B).
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C. There is more Cr than necessary to compensate. There will then
be a large amount of Cri which will outdiffuse faster than Crs, leaving more
Crs than necessary to compensate. The material is p~type in a rather thick
region below the surface. The substrate is unqualified (C).
2.3.12.2.5 Expitaxial growth of GaAs on Si GaAs:Cr

Yamasaki et al. [12] observed an n+-1ayer just above the interface
between the substrate and the n~type layer. We suggest that Cr in the
form of Cri outdiffused into the epiiayer.

Khokhlov et al. [13] observed higher electron concentration in the
epitaxial layer close to the interface between the substrate and undoped
layer. This is essentially the same observationm.

Schlachetzki and Salow [14] grew undoped epitaxial layers on Cr doped
substrates. The layers were n-type for growth temperatures Tg below some
critical temperature To,'p-type for Tg > To and high resistive for Tg ::To.
To depended on the source material. They explained this by suggesting
different incorporation of donors and acceptors in the source material at
different TB even though there was no intentional doping. We think that the
observation can be explained by Cr that outdiffuses into the epilayer. At
different temperatures and source materials the circumstances for incor-
poration are different. For instance, at high temperatures the vacancy
concentration is higher, which enhances the capture of Cri. The Cr that
outdiffuses is probably mostly Cri. For low temperatures these will
probably remain interstitial, resulting in an n-type layer.

Khokhlov et al. [13] also reported that for higher T the electron

concentration in their epilayers increased faster with T than the intrimsic
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electron concentration. They explained this by an increased demsity of
electron suppliers due to thermal rearrangements of defects. This fits well
into our picture with the rearrangement being Crs to Cri.

2.3.13. Conclusion

Cr-doped semi~insulating GaAs is one of the most important substrate
materials for a variety of devices, and it offers enough advantages so that
it will undoubtedly continue to be used in this capacity in spite of its
frequently problematic technology.

The semiquantitative model presented here searches for the causes of
the sometimes erratic behavior of the material. It appears sufficiently
promising to warrant further study.

We shall try to design experiments that can pin down the more tenta-
tive features of the model. Such an approach can take advantage of working .
with material that must be fabricated in any event in connection with the

device wo: < under this contract. The work, if it is successful, would

contribute to bringiné the technology under better control.
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3. Existing Device Studies
3.1 Harmonic Generation in Transferred Electron Devices
3.1.1 Introduction

Short Gunn diodes are dominated by an accumulation layer instability
that is launched from a region near the cathode. The charge layer grows
in time and moves toward the anode where it is collected. As a conse-
quence of the noninstantaneous transfer of low energy electrons from the
central valley to the satellite valley, the electrons are not accurately
charact=rized by the static velocity field curve for the material. The
electron velocity increases above the static peak and after a characteristic

(1)

time slows to its equilibrium value. Rees , using Monte Carlo simulations,
examined the behavior of low n°L product devices at frequencies whose
periods are comparable to the response time of the velocity-field curve.
Assuming a deformation potential of 109 eV cm-l for intervalley scattering,

a maximum operating frequency of 100 Ghz has been predicted for space

charge free devices. In a similar Monte Carlo calculation by Jones and
Rees(z), the growth and decay of accumulation layers were simulated for

a few special cases in GaAs.

The results of that simulation indicate that a non-zero time is
required to establish the negative differential conductivity of the
electrons and hence a delay exists in the nucleation of the space charge
after the field has risen above threshold. This delay results in dead
time which is not reduced by shortening the sample. 1In addition to the
time delay of the charge nucleation, a dead zone between the cathode
contact and the anode exists in which no charge growth occurs. This

region results from the non-zero time that is required to bring a low

energy injected electron above the valley energy separation and the time
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required to transfer to the satellite valley. Simulations show that

this region may be as much as 3 um for average electric fields of 6 kv cm-l.
The simulations also indicate that this region is significantly reduced

for large electric fields in the cathode region. If these simulations

are correct, one would anticipate a significant change in the maximum i

operating frequency if electrons of high energy are injected into the

region or if the electric field in the cathode region is increased above

its usual value.

The decay of the satellite valley electrons from the high to low

field region has been observed in simulations by Curtice and Purcell

ReapronvI

(1970) and Jones(z) to invariably fall rapidly. This fall in some cases
can be as short as .7 ps. The primary reason for this fast fall is

predicted from the cooling of the distribution that occurs when electrons

are scattered in a direction against the field. These electrons are
rapidly brought to low energies by the electric field. This rapid decay
i of the accumulation layer will lead to a large harmonic content in the
lj output current. It is therefore interesting to observe the harmonic *
» content and use this information to estimate the rate at which the
accumulation layer is quenched. This rate is likely to be indicative of {
the scattering rate from the satellite valley and the cooling rate of

the field. Furthermore one should be able to obtain higher power opera-

A

tion in this mode than the fundamental at frequencies for which the

accumulation layer formation time is a significant portion of an rf cycle.

To obtain an idea of the merit of this technique of generation of

-k iad e A s

millimeter wave power, several devices have been evaluated in circuits
designed to permit harmonic operation of the devices. The circuits,

A ! devices and results are reported in the following sectionms.

S . —————————— " 1
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3.1.2 Harmonic Oscillator Circuits
3.1.2.1 Coaxial circuit

The basic elements of the coaxial circuit are shown in Figure 1.
The fundamental resonator is formed by the TEM line section between the
packaged Gunn diode and the low pass filter. A thin dielectric rod is
placed near the diode to permit slight tuning of the resonant frequency.
The harmonic resonator is formed by a waveguide line section behind the

resonator post. The line section is cutoff at the fundamental and hence

does not significantly affect the frequency of operation. Several dielectric

rods are inserted into the line section to adjust its resonant frequency
and the coupling to the main resonator. In actual operation very small
changes (~ 200 mHz) of the fundamental frequency are observed through
variations of the harmonic resonator. The output of the harmonic power is
coupled to the load via the front iris which opens to a waveguide that is
cutoff at the fundamental. This waveguide section is removeable to allow
monitoring of the fundamental power and frequency. Initial measurements
are made on diodes using the coaxial circuit without the fundamental filter.

The circuit is adjusted in frequency by setting the length of the
coaxial line section and its diameter. At lower frequencies where the
package parasitics are small, the line section is nearly half wavelength.
As the frequency 1s increased the package parasitics force the resonator
length to drop faster than 1/f and at 60 Ghz the rescnator is nearly
quarter-wavelength indicating a parallel resonance of the unmodified
package near 60 Ghz. The frequency of operation can be further increased
up tc 70 Ghz by additional shortening of the resonator.

To permit operation above 70 Ghz modifications to the package where

fcund necessary. Using a diamond file the 0.030" diameter ceramic was
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reduced to 0.023" with a corresponding increase in operating frequency

to 78 Ghz. Further reductions in the package wall thickness showed little
change in operating frequency and were often fatal to the mechanical
integrity of the package. Additional wires and ribbons connecting the
chip and the top of the ceramic package provided only slight changes in
the operating frequency. For this reason designs are now under way to

use unpackaged diodes in this circuit.

The harmonic power is nearly zero until the rear resonator is adjusted
to the harmonic frequency. The iris width is then increased until the
power is maximized with respect to iris size. Further matching is then
done using the 0.020" diameter quartz rods. Tuning is iterated to obtain
the maximum harmonic power. The power is measured using a series of high
pass filters. In most cases the only significant power is at the harmonic
at which the unit has been peaked.
3.1.2.2 Disc circuit

The disc or hat circuit is constructed using a radial resomator at
the fundamental frequency. The diode is mounted in the broad wall of a
waveguide that is cutoff at the fundamental frequency and propagating at
the desired harmonic. The location of the diode is chosen to form a Ag/2
resonator between the back wall and the diode post. The fundamental
radial disc resonator is fabricated at the end of a line section on the
low pass feedthrough and the length between the resonator and the low
pass filter is chosen to be slightly less than kolh. Dielectric rods
are inserted in the side walls of the waveguide and used to tune the coaxial
section between the feedthrough and the disc. The harmonic coupling is
optimized by choosing the thickness of the disc and the impedance of

the coaxial section that joins the feedthrough and the disc. Additiomal
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dielectric rods are inserted in the harmonic resonator region and in the
reduced height waveguide section and are used to couple the circuit to
the load. The circuit described here is the one used by most of the labs
reporting 94 Ghz Gunn sources.

Several prominent modes are found to be present in this circuit which
often lead to the existence of two fundamental signals. Under these condi-
tions significant power has been observed at the sum of these two frequencies.
This output can often be as large as the harmonic and in two cases it can
be optimized more easily than the harmonic case.

The maximum fundamental frequency of the disc resonator is determined
by the diameter of the disc, its thickness, and the diode package. The
disc diameter for 50 Ghz is ~0.053" for a disc thickness of 0.015". The
frequency increases as the disc is reduced in diameter. To maintain a
constant coupling the diameter of the coaxlal section must also be reduced.
In addition, the dielectric loading of the package above 60 Ghz significantly
reduces the required disc diameter and it is therefore necessary to use a
different circuit design unless the package is reduced in volume. Using a
package with a wall thickness of 0.005" instead of 0.010" has resulted in
a frequency of operation in excess of 70 Ghz.
3.1.2.3 Waveguide circuit

The waveguide circuit consists of a reduced height TE cavity at

101
the fundamental frequency. The cavity is significantly foreshortened to
compensate for the diode package volume and for the dielectric rods

inserted in the narrow wall which tune the harmonic resonance. The diode

is located near the back wall of the cavity with the best location being

centered in the broad wall with the diode's dielectric touching the back
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of the cavity. A low pass filter centered at the harmonic is used to
provide dc bilas. The post diameter is chosen to be the same diameter as 3
the diode in order to maximize the post resonant frequency and minimize #
fringing capacitance in the diode region. The iris width is chosen to |
z be 10/2 at the desired harmonic. A section of waveguide which is cutoff

at the fundamental is used to separate the fundamental from the load.

L

The waveguide section is attached with several screws and can be easily

removed to determine the fundamental power and frequency.

The dielectric rods in the side wall lower the higher order modes

(TEmon) faster than the fundamental and it is therefore possible to
resonate both the fundamental and the harmonic with some rod manipulation.
The circuit losses appear to be somewhat lower than the disc or coaxial
circuits and the output powers in the region of 80-100 Ghz (fundamental
40~50 Ghz) appear to be 1-2 db higher than with the alternate circuits. ‘
The complex mode possibilities allow wide changes in the harmonic coupling
\ circuit and provide an interesting higher Q source. Several tries have
3 " been made to scale this circuit up to the 75 Ghz region have lead to the
conclusion that the package parasitics are too large to permit fundamental
operation above 60 Ghz. Designs are now in progress which eliminate most

of the package in this circuit.

S,

3.1.3 Experimental Results with Flat Doped Diodes

The power versus frequency performance of constant doped GaAs Gunn

diodes has been examined in the coaxial, disc and waveguide circuits.
: The maximum observed output powers at the fundamental, second, and in

some cases, éhird and fourth harmonics have been measured and their

bias voltage dependences have been noted. An extremely sharp drop in

output power has been observed for frequencies above 100 Ghz. The nature
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of the drop is in part circuit connected but it is likely that much of
the performance degradation is v-E response time related.

The devices used in this section are fabricated from multilayer
epitaxial material having both buffer layers and epitaxial cathode contacts.
The carrier concentration of the cathode contact layer and the buffer
layer is 3--4><10l7 cm-3. The doping profiles are nearly constant in the
active region and in all cases decrease slightly toward the cathode (surface).
The layers are all grown on 2° off (100) toward (110) silicon doped
1-3XI018 cm-3 substrate material. The substrate thickness is kept less
than 6.5><10‘-3 cm. The units are of the flip chip mesa comstruction. All
units tested are mounted in a threaded stud ceramic package having a
ceramic height of 0.015" typical and a starting wall thickness of 0.010".
The inside diameter of the ceramic is 0.013" and the pedistal extends into
the ceramic 0.005". The top leads of the diode (anode leads) are 0.002"
diameter fully annealed gold wire that is thermal compression bonded in
an "X" configuration. For most of this work a 1id was not placed over the
metalized ceramic in an attempt to minimize extra inductances.

Diodes were fabricated on epitaxial material with active layer
thicknesses in the range 1.5 um to 3.5 um. Active layers with thicknesses
less than 1.5 pm showed no signs of oscillations either at de or at milli-
meter waves. Doping densities as high as SXlO15 cm_3 were tried in an
attempt to obtain a high N-L product. However even these high doped
samples did not show Gunn effect. Table 3.1.3A lists wafers which were
found to yield microwave oscillations. Those which yielded the highest
fundamental powers are listed in Table 3.1.3.B. The final diode current

was adjusted using in package etching and in most cases the diode current

was between 700 and 800 mA.

.
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The output power recorded in Table B are the best values obtained
from devices made from the wafer and operated in the coaxial configuration.
This corresponds to the highest fundamental power measured. Several trends ]
should be noted from Table B. The highest fundamental powers are all
obtained at the lowest frequency for which the diode was measured. In 1
all cases the power declined as the frequency was increased. This would
tend to indicate that the effective lengths of the samples are all too
long for the highest frequency of operation. This however has not been ]
borne out by thinner samples. There is likely a minimum length for which

no space charge growth occurs.

Several samples were operated in a pulsed mode at the low duty. A
300 nsec pulse was used and the operating voltage for maximum power output
under pulsed operation at 70 and 75 Ghz did not change significantly from
the cw values of the best diodes. It is therefore likely that the bias
voltage decline is not significantly a thermal problem but rather a result
of maximizing the space charge growth.
3.1.4 Harmonic Power of Flat Profile Wafers

The harmonic power of the evaluation diodes has been measured in the
coaxial, the disc, and the waveguide circuits. The power outputs at the
harmonics have been measured at frequencies up to 148 Ghz. The output

powers for all of the flat doped diodes decline very sharply above 100 Ghz

and the output powers at 148 Ghz were only a few tenths of a milliwatt.
The decline in output power is so steep that it is difficult to attribute
the decrease to a single cause.
The maximum power output at the second harmonic of wafer 3C33-1 is i
displayed in Figure 2. This wafer showed large low frequency output power

at 35 Ghz. The output power at the second harmonic was in excess of 25%
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Table 3.1.3.A Properties of Wafers Exhibiting

Millimeter Wave Oscillations

Nd (cm-3)
(cathode side)

Active Length Drop Back
-4
(10™" cm) (Ipllv)
(pulsed)

7*1015

7.8x10%°

7.5x10%°

l.le()l6

2.5%x10t®

2.5x1018

3.5><1016

2.0x10%8

4x101°

6

AXlol

4x1016

2x1016

2x1016

1.6
1.4
1.4
1.6
1.5

1.4

1.4
1.3
1 (No 0OSC)
1 (No 0SC)
1.5

1 (No 0SC)




Table 3.3.1.B Conditions for Maximum Power Generated

at the Fundamental Frequency

Fundamental vBias

Frequency (volts)

(GHz)

35
50
60
70
45
50

60
70
75
50
60
70
75
JA1-5-2 40
50
60
70
75

o —————— el a1 o 2
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of the output power ubtainable at 35 Ghz. At frequencies up to 94 Ghz

the highest powers were obtained from the waveguide harmonic circuit.

At frequencies above 94 Ghz the disc resonator and coaxial circuits

yielded nearly equal powers. The sharp decline in the harmonic power

- e

might be expected from the fundamental power roll-off observed.
The third harmonic power was obtained in similar circuits. The

output power at the third harmonic for wafer 3C33~1 is shown in Figure 3.

The surprising observation is the extremely severe decline in output above

the fundamental frequency of 35 Ghz. This would not have been anticipated

from the fundamental measurements.

The output power at the second harmonic has been graphed in Figure 4
for devices from wafer JAl-5-2. These diodes yielded up to 45 oW at
90 Ghz however the output powers declined very rapidly above 100 Ghz.

The output powér at 148 Ghz is 0.3 mW. Several other wafers were evaluated ‘
and in each case the output power was found to decline sharply above
100 Ghz for any harmonic.

Three probable causes for the rapid decline in output power are the
package parasitics, the substrate skin depth and the v-e response time.
Further work will be needed to sort the three causes. The new circuits
will allow unpackaged plated heatsink devices to be used with much lower
parasitic capacitances and inductances. A technique to deposit a thick

layer of gold over most of the exposed subscrate is being developed.

In addition further work with the circuits may allow a wider range of

=

B . i

i matching.

3.1.5 Harmonic Generation In Cathode Notch Diodes and Future Plans

R T

A significant portion of the flat doped diode in the region near

‘<.,.__.F

the cathode remains below threshold in short samples. Jones(z) has
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Third harmonic output of Gunn diode fabricated from wafer 3C33-1
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simulated accumulation layers and his study indicates that the layer
formation time is extremely sensitive to the cathode region. 1In addition
once the layer begins to form its growth rate is highly sensitive to
small changes in the electric field. Furthermore, the likely velocity
overshoot is only large if the electric field in the region of accumula-
tion layer formation is large. It is therefore interesting to examine
high frequency harmonic generation of diodes that have a thin low doped
region next to the cathode contact. The effect of this doping notch is
to increase the electric field in the cathode region to obtain a more
rapid growth of the accumulation layer and obtain an overall reduction
in the response time.

Two wafers were grown that have a low doped region at the cathode
contact. One of them has a 0.3~0.4 um region between the cathode contact

and the active layer with a doping density as measured by C-V of 2-
2.5x1015 cm-3. The other wafer employs a so called "metalic" contact
without thé aid of a heavily doped region for the cathode contact.
Diodes were fabricated out of both wafers and the wafer employing the
"metalic" contact showed significant power at 50 Ghz. These diodes have
been measured in the fundamental and harmonic circuits. The active
layer excluding the lightly doped region is 2.2 um thick and the active
region carrier concentration is 1.8x1010 cn™3,

The fundamental output power is shown in Figure 5. The output at
40 Ghz is 150 mW and the bias voltage is 6.8 volts. The power declines
slowly to 45 mW at 74 Ghz in the coaxial circuit. Large changes in the
operating current have been observed with changes in temperature. The

harmonic powers of these devices show significant variations between

units. However the better devices, as can be seen in Figure 6, produce

. . P
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substantial power at frequencies above 100 Ghz. These devices have
yielded up to 5-6 mW it 144 Ghz. A slightly higer device capacitance
prevents the packaged devices from operation above 144 Ghz and measured
values of the third harmonic appears low. This may, in fact, be a
circuit limitation enhanced by the package parasitics.

The cathode appears to be a possible area for improvements in genera-
tion above 100 Ghz. 1In the next period hot electron injection techniques
will be evaluated. The injection can be done with either a hetrojuction

or a barrier-n+ region. The techniques of harmonic evaluation will be
applied to In P diodes late in the period.
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3.2 BULK AND CONTACT PHENOMENA IN
' MILLIMETER WAVE DIODES

P. Chen, F.J. Rosenbaum, R.E. Goldwasser

3.2.1 Introduction

In the study of semiconductor devices for use at millimeter wavelengths
it is important to know the behavior of carriers in the bulk material and at
the device contacts. Since device dimensions are necessarily small, electric
fields sufficiently large to produce avalanche breakdown may be encountered,
even for modest applied voltages. Furthermore, many existing devices such
as mixer diodes and Impatts employ depleted regions where high electric
fields are present. In order to better understand the operation and limita-
tions of mm-wave devices we have been studying the current-voltage relations
for diodes in the presence of avalanche breakdown, and for diodes with nearly
constant reverse depletion capacitance (Mott barrier or punch-through barrier
junctions).l’z One and two-dimensional finite element analyses of the carrier
concentrations and field distributions have been developed in order to examine
the details of the charge depletion approximation commonly made in the analy-
sis of depleted regions. We have included the effects of field dependent
mobility and diffusion in GaAs. We have also conceived of and are analyzing
a new device geometry which may prove useful for sub-harmonically pumped
mixers at millimeter wavelengths.3-5 A simulation for the new device pro-
vides a means of quickly and economically evaluating its performance.
3.2.2 Avalanche Breakdown Analysis]"6

Agsume a one dimensional Schottky Barrier diode as shown in Figure 1.
The bulk region is doped n-type, at a level Nd. A reverse-bias voltage V

is applied to the device between the S.B. and ohmic contacts. For simplicity,

assume the doping and the space charge in the depletion region are uniform.
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One-dimensional Schottky Barrier diode.

field distribution when the depletion length
T < W; W is the diode length.

T >W.
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The electric field distribution in the depletion region, T < W, is given

by
=3 ra's
E(x) . Ndx T (1
where T = 2!— .
Ny

If'che depletion region extends across the device, T 2 W, then the field

is given by
a Y*%
E(x) = . Ndx -5 (2)
q Nd W2
where V 3 ————
P 2e

is punch~through voltage., For convenience, we use positive values for
the avalanche breakdown field and the voltage.
3.2.2.1 Avalanche Breakdown

If sufficiently large reverse bias voltage is applied, avalanche
breakdown will occur. The electron and hole currents can be determined

from the continuity equations. In the dc case, assume

& 1@ = a(®I ) + 8B () 3
& 3, = a®I () - BB, )

where E = E(x), has been defined before and a, B are the electron and hole
ionization coefficients, respectively. The total current demsity, J, is

a constant.

J= Jn(x) + Jp(x). (s)

Solving the two differential equations above, we obtain
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3,(0) + 3 (W) exp [-‘[ W (a—B)dx]

(6)
1 t/w a exp[fx (u-B)dx’J dx
(o]

and the avalanche breakdown voltage can be found from the denominator

1-/ aexp[f (a-B)dx] (N
[s}

Stillman and Wolfe suggest that ¢ and 8 have the following form:

J =

when

6

a=2x 10 exp [-2 x 106/E]

(8)
5 5
B = 107 exp [-5 x 107/E]
where E is the magnitude of the field and 1s a function of x.
3.2.2.2 1I-V Characteristic Relations

In n-type material the electron current density is large, so

Jn(o) >> Jp(w), ‘/,.w (a-B8)dx <« 1, and the total current density becomes
o

Jn (o)
J = (9
1-/ “exp[ f (a-B)dx]
o
where
* 2 i%gn
J ) =3I ¢ ® A T exp (- <7 (10)
We may define an avalanche multiplication factor, M, such that
M= - 1 (11)
1 -/ a exp[-/x(u-s)dx‘] dx
(<] o
and so
J = MJ (o) (12)

The behavior of M can be examined simply by taking o = 8,




M= lw
l- J/ﬁ adx
o

Now, .[ W adx is an exponential integral, and using polynominal and

rational approximations, one can calculate the value of M corresponding
to the applied voltage V. For the case of a ¥ B8, polynominal and rational
approximations can be used inside the denominator integral and the value
of M found numerically. Some representative multiplication voltage curves
are shown in Figure 2.

The doping density Nd affects the breakdown voltage as shown in
Figure 3. Also plotted there are several experimental results taken
from the literature.

After some manipulation it is found that the M curves can be approxi-
mately represented by the following expression7:

1

(- (v—;’l-))“l‘“

M=

18 -3

16 cm ~, the n, m values which fit the data

When N, is between 107" and 10

are given in Table 1.

3.2.2.3 Large Signal Analysis
The preceeding section dealt with the dc breakdown characteristics

of GaAs. Breakdown can also occur if a sufficiently large time-varying

reverse bias voltage is applied to the diode. To analyze the time depen-

dent case, assume a one-dimensional structure with equal electron and

hole ionization coefficients, a = B. As shown in Figure 4, ofxfxa is

the avalanche region. The current in this region satisfies the
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. Figure 2 Two representative current multiplication curves
N, .
\\_ respect to applied reverse bias voltages.
(a,8 see Equation (8)).
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N 0.1 }0.25{0.50{0.75| 1.0§ 2.5 5.0f 7.5 10

1.6 1.7

S
o

n 3.6 | 3.4 | 3.2 | 3.0 2.81 2.4

Table 1 GaAs Avalanche multiplication exponents as a

function of doping density.
(The unit used for Ny is 10l

7cm_3).




3-23

. :
é = @ '
@ 55 :
! ‘@« prift Regiomn + . (3) Ohmic
Schottky 9 za 8 : Contact

Barrier a : t
Contact ~ :

I ) :

: } |

__4\ ' : :

| ' i :

- ; b

[ I t

(b) .E‘ . : ¢

o ) IE],(X)I : :

Ll i '

ol | \ 1 !

TN ' ! !

Q! I : !

,':-,‘ : ] \; ‘i -
o X, W Xp

e i

Figure 4 (a) Model of one~dimensional Schottky

Barrier diode with (1) avalanche

S,

region, (2) drift region, and

(3) inactive region.
(b) Electric field distribution in

each region.




bt

< B ALTIETO UL ¢ o S

3-29

following continuity equationsz

45 (= 23 (v "2 y(max-l] + 23 (15)
dt “inj T, inj o t, sat

a

Here, the transit time throught the avalanche region is

T, Ax A
= = -+ -
a 3, Jéat J Jps = Jns (for n-type),
]

and Ve is the saturation velocity of electrons.

The field in the avalanche region is given by

E(x,t) = El(x) + E2(t) (16)

where El(x) is determined by the background doping. At any instant of
time, the field throughout the avalanche region is determined by the
value of the field at any reference plane. For convenience, we take
x = ia and the avalanche field is defined as E_(t) = E (x,,t). The

ionization integral may be expressed as

X .
/ 2 a(E)dx = F(E () . (17
]
After some rearrangement, one obtains

t
v v.(t) v
E(aE-—R+T -—s- / T"+t"‘t)J.
SOt Ty | ey tn

A
where Ep =Ey (xa), the punch-through field,

(18)

- . 2
(t7)dt -th

ps

VT(:) %/’aT E(x,t) dx; Xp is total length of the active region.
(]

S, M 1 et ke i

g cibiies.

.
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taét_x-xa éxT-xa

v d v
s -]

A X
E(x,t) = -‘é / (N, + p-n) dx .
o

Also, we assume a relatively narrow avalanche region of width x_, with
ionization coefficient @, and a wider drift region where a = o. The dis-
placement current in the avalanche region is assumed constant.

Now, if we know the applied voltage VT(t), and ionization coefficient
a, the current under avalanche operation can be found from the following

expressions, assuming a reasonable value of x_:

d 2 *a 2
T Jinj(t) = i ij(t) / a(E) dx-1 |+ J_ . (20)

a

v Vet t (21)

t v ” - - 2
t) = E __2+T - [/ (¢,+t"~-¢t)J (£)de*- + ©J ]
Ea( P Xy x ex; bty d inj d Vps.

Using direct iteration or the Newton-Raphson method, it is possible to

obtain an approximate solution for Jinj(t)

Once the injected current density is known the large signal I-V

relation can be calculated as follows: :

Jinj(t) = Jn(x,t) + Jp(x,t) + € 9—‘”‘%—’5@ . (22)
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Integration over the entire active region gives:

e d *r 1 %r
Jinj(t)a -x—T T3 / E(x,t) dx + ;:[ (Jn(x,t)'l- Jp(x,ﬁdx
= £ Loy ()4, (t) (23)
xT dt 'T ind

where Jind(t) is the space average of the conduction current:

3, () & " ax+ [T 2
ind X, o in_j(t) X Jn(x,t)dx+depS (24)

X
a

A
where Xg = Xp - X, and Jp (x,t) = Jps in the drift region.

Thus,

t
X
A Ta - 1
J (t)=— J,; J(t) +x —/ J, .(t”) dt~°
ind Xy inj d Ty t-1y inj (25)
where

‘ ;. 2% 7%
d x x

| s %4 xT T X3

Y T = ——
) d v v

s ]
X - X

t " = ¢ - v .

s

The term-ii-%z Vo (e) or Jinj(t) = J;nq(t) is the induced current, which

comes from variation of the terminal applied voltage VT(t) Equations (20)
and (21) can be used to examine, numerically, the large signal behavior of
an avalanching region. This formulation may prove useful in the simulation

of breakdown behavior in millimeter wave mixer diodes and in field effect

transistors.
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3.2.3 Mott Barrier Diffusion Model
A Mott barrier, also called punch-through barrier, is defined as one
in which the epitaxial layer is much narrower than the required depletion
width, under the depletion approximation, such that the layer is depleted
even under forward bias. For simplicity, we assume an ideal contact and
'no surface states. The structure is shown in Figure 5. The band diagrams
at various biasing conditions are also shown in Figure 5. Assuming that
the required depletion width is Wo (Wo > wz) and the built-in voltage is

Vo, the electric field is given by

q - . (26)
E(x) = e [N (x-wl) - N (wz -wl) - N (wo -wz)] o £ xSWl
=3 - -5 -
< [N (x wz) N (Wo Wz)] W, <x<W,
e -
. N (Wo x) Wz £x < Wo
1q8 2 N, .2 N N, L 2
and Yy =5 MWy - Q- W, -7 Q-F) W]
N N
219 vt 2 _ ot 2 _ N 2
5o INW, (N - M w, N - N) w ). 27
Therefore,
2 eV - 1/2
o N 2 N N 2
W = +(1-—=)W +—=(l-) W ] (28)
o [qN+ N+ 2 N+ N 1
When we apply a voltage V, the depletion width W will be:
2 (V. _-V) - 1/2
Vel —2— s+ a-LHu?2s L 8,y (29)
+ +° "2 + N 1
qN N N

and W 2 W .
2
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Figure 5 (a) Mott Barrier model and the band diagrams at
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zero~bias, (c)

forward-bias and (d)

reverse-bias.
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Figure 6 I-V curve for Mott Barrier diode as in Figure 5.
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N =2 x 107 a3

N =1x 1087 cp3

N =2 x 1018 cm.3

L = 0.046 x 107 cm

Wy =W, =1.0x 107 cn
Built-in Voltage Vo = 0.9 volt
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3.2.3.1 I~V Characteristic Relation
Charge transport is governed by the current equation and Poisson's
Equation. We use the field dependent mobility for GaA39’10’11 and vwrite

the required equation as follows:

" dn
J = Jn bl qnun(E) + an(E) '5;‘ (30)
where
= (2)
u + E E
u (B) - =—FL % (31)
n E ¢
-
¢
it Val® 3 2
Du(E) " q E +3 v (E) (32)
2 . g 33)
_: VY- (md -n) (
_, E ax (34)
, dJ = o (35)
N, dx d
! 1
o where $
Ny = N~ °0sx <W !
=N Wy sx<W, i
= nt W, s x g i

a(e)= N~ exp (= g5 V)

$
 '£ n(w)= N+




It is not easy to solve the above nonlinear system in closed form,
although it is possible to obtain an approximation numerically . (See
Figure 6). 1In order to proceed with the numerical analysis, it is

necessary to know the barrier height, As a matter of fact, besides the

properties of the metal used for the Schottky Barrier contact, the image
force between metal and bulk material also affects the barrier height.
This is called the Schottky Effect.
3.2.3.2 1Image Force

Figure 7 shows the energy diagram for electrons near the Schottky
metal contact. The height of the potential barrier is reduced because of
the attractive force between an electron and its image in the contact
metal. If we take this image force into account, since the location of the
potential maximum X is very close to the metal surface; let x, << Wl. The

electric field at that point is zero,

- + 1
CE(x)) =-§ IN(x W) = N(W,-W) - N (W - W,)] +-‘}:——-2— = o (36a)
16r xm
or
1 e N (W) +N (W, =W,) +N (W -W,) (36b)
2 1 2°-" 2
167 x
m
so
2 o 1 (36¢)

- + 1/2
167 [(N W, + N(W, - W,) + N W =W, ]
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(_xm is in the order of 10"'9 cm) . !
é
1 H
. 1
g
B . I e A At ’ Rt =

ey il ..



PR e 5
AR b -

3-38

Thus, the potential is
X
V(x) = - E(x) dx
o

--% {[N- (Wlx --% x2) + N(W2 -Wl) x + N+ W - Wz)x]

x
0 £x<X
lexz n
m
- - 6B (37)
1 X $xX<W
167 x m =1

V(%)= %{[N(W?_x - % %) + N (- W,)x] + —1-6—,,—1,‘—} ¢y —— W <x<W, (39

n

1

v(::)-%{[n+(Wx-%x2)]+1m} - ¢g Wy sx<W (39)

n

Thus, the image force lowers the barrier emergy by an amount

2o —L— -
€ 16n X

3.2.4 One-Dimensional Schottky-Barrier Diode Finite Element Analysislo’ll’12

In order to obtain the electron densities and potentials everywhere
inside the diode, one solves Poisson's equation and the continuity
equations. However, closed form solutions are apparently impossible when
nonlinear velocity-field relation is taken into account. In this section

we consider only one-dimensional cases and examine the details of the

static solution in a Schottky-barrier diode.




3-39

The relevant equations are 9’10'11.
vy=2(@-nN (40)
o= q<§$ =9 jn (we assume %% = 0) (41)
E=-9y (42)
-j'n = qni +qD (43)

where

; Wt 7 E (44)
| SN (lr-_L)

Assume the one-dimensional structure shown in Figure 8 with the Schottky~Barrier
on the left hand side, a region with doping demnsity, N q° and an applied voltage,
V. We have elected to use the finite element method to solve this problem. We
divide the entire length into L+1 elements with equal lengths. There are L

nodes inside, and each element has length G =

E—z_f H Vi’ ni represent the electron

potential and density respectively at node i{. If L is large enough, one can

assume the potential between node { and node 1 + 1 is

by =a +bx 1<1<L (45)

"
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Figure 8 One-Dimensional Schottky Barrier diode with

L equally separated nodes inside. b
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It can be shown that

1
a; =G [xg4qVy - xV4) (46a)
b, =% [V, - V,] (46b)
1 e M- Y
v
3 ¥4
. bi (46c)
2
”i-i[b - b,] (46d)
axz G i+l i

Similarly, if V is replaced by n, we obtain the density between each node

as
o, = Ci + di X l<is<L (47a)
c, =+ [x n, - %, n,,,J (47b)
i G i+1 i i 141
d, =2 [n,., ~n,] (47¢)
i G i+l i
&mi
= Ci (474) E
E’2"‘1 1 :
7 =G [Cq ~ Gl (47¢) :
X : q

e




Substitution into Poisson's equation and the continuity equations yields

- =912 -1
LR A AR EFE N LAEE NCHES W)

1 1
7 N + N ) EY [' P Vigp ¥V - 2V1+1)]

1 1
+3 - 4

G 'v)]

i+l i

+ Dn(E)

1
o2 (Bjyp +my = 20, 1) =0
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We take the following parameters for GaAs,

¥ ™ 6875 cmzlv sec

v, = l.lxlo7 cm/sec

EO = 3,2 KV/em

and apply the boundary conditions:

n(0) = Nd exp [- ﬁ% (VOfV)]

n(l+l) = Nd

V(0) = -V0

V(L+1l) = -V
; where V.= built-in voltage

0
V = applied voltage

) Computer print out shows that the potential increases gradually from left to
right. However, the electron density increases very rapidly in the segment “

nearest to the Schottky contact., The values obtained are plotted in Figures

9(a) and 9(b). It is noted that the electron density decreases from 1017 to

1014, but that the usual depletion approximation n = 0 is strictly valid

S S

only immediately under the contact, However, the potential distribution is

close to that under the depletion approximation; the difference being no more than
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Figure 9: (b) Electron density in entire bulk region
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5%. The electric field is nearly constant ( %% = constant). Note that the
Debye length for this example is 1.89XIO-6cm.
3.2.5 Two-Dimensional Schottky Barrier Diode Analysis

Subharmonically pumped (antiparallel) diode pairs are proving useful as
millimeter wave mixers. Their primary advantage is that the local oscillator
frequency is half that of the desired signal, thus easing the burden on 100 GHz
(and higher) solid state sources. However, there are a variety of problems
assoclated with fabricating and mounting matched diode pairs in millimeter wave
circuits. We have conceived of the following fabrication scheme which may lead
to improved matching and packaging of subharmonically pumped diodes.

Consider the geometry of Figure 10 which shows an antiparallel GaAs diode
pair fabricated on a single N+ substrate. A Schottky metal, such as AL is
deposited over a portion of the substrate, and an N doped GaAs layer is grown
around and over it. Techniques for overgrowing metal layers are currently under
investigation at MIT Lincoln Laboratories and appear to be feasible. After the
desired diode thickness 1s obtained a second Schottky barrier is deposited and
an ohmic contact is applied to the entire upper surface completing the device.
Such a structure should be highly symmetric and uniform so that well balanced
I-V curves should be obtained. Furthermore, the millimeter wave parasitic
elements are all external to the diode pair, so that circuit balance should be
improved and impedance matching simplified.

In order to exploit these apparent advantages we have begun to analyze
the carrier distribution in such a structure to determine whether low leakage
resistance pairs can be defined and, if so, to obtain design data.

3.2.5.1 Finite Element Analysis
9, 10, 11

The equations needed for our analysis are

AT~ G AR RO Py
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Vzw =-§ (n—Nd)

an
V-jn 0 (assume~3E 0)

49)
E=-w

->
3n - qnvn+anVn

v 3
(2)(E)

where

3 2

I vn(E) +-E T vn(E)

k
’ DD(E) = ?

Instead of solving second order differential equations it is possible to

reduce them to first order relations with the aid of a vector formula:

JERaff v @) affwia o

We approach the numerical solution of these equations by means of a finite
element method. The first term on the right hand side will vanish if the ele-
ments with which we are dealing are inside the diode, and also vanish if the
boundary values are constant or the component of the current along the normal
of the bounday is zero. Similar arguments apply to the first term of the right

hand side of the following equation:

ffo-vwdn -//v-(fvw)dsz -/:/ £92yda (51)

i
e
E
;
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So we have

3
[/w « -8 4do=0
q
./:/'Vf-vwdg - .‘/j/‘ f —;1 (n—Nd)dQ (52)

Now the two-dimensional device of Figure 10, when divided into a suitable

and

number of elements for analysis, appears as shown in Figure 11. Summing

over all elements for which j is a node, using

f= ¢j

R IR (53)
i=1

3
n= 2 o0y
i=1

yieids
3 3
. 1 - =
> 2oy oy + 2] 20 (o0pn; - on| paxdy =0 (s4)
element i=] i=]
with j A
and
(¢ ¢i >3t + (V¢j) [tbiniv + D (V¢ )n ] dxdy = 0 (55)
element i-l
with j
sn

where 75} 30 by our assumption.

N R

W ks,

asaeiidsiacint
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Figure 11, Application of linear function method to the
entire bulk region, using triangular elements.

ot ol
L2

|
[P




P N S

o LR

Since the elements are trian
in our analysis, See Figure 12.

Then

1
§(x1+x2+x3)-0

1
FO ¥y Py =0

J/dexdy =0
J/Pydxdy = 0
/ xzdxdy = -IAZ' (xi + xg
/ yldxdy = % (yi + y§

f xydxdy = % (x;y, +

where A = area of trian

Define ¢, = (a, + b,x + cjy)/ZA

b b 3

where 4 = area of one element

1
z P

To find the aj, b values, as

3* ¢
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gles, some propertie512 about them are needed

Take the origin at the cencroid of a triangle.

(56)
+ x§)
2
+ y3>
Xy¥y + X373)
1 xl y1
1
gle = ‘E 1 xz YZ |
ox3 7,
(57)
sume Yy = al + azx + a3y

(207~ N

P e N ¥ ™)
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Figure 12. Triangle with origin at the centroid ¢ 3
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Then,
r “ r~ - r -
Yy L%y %
¥y = 1 X, Y, o, (58)
| Y3 ] | bo*3 Y3 °3
-1 - "l -
a 3 [
F 1l 1 SRS 3]
v = {1 x y] a, = {1 x y] 1 %, vy, v,
[ %3] % ) [
-
(2, 2, 2 Mo ]
38 3% 34 1Y
=1 x y] 313 b, b, b, v, (59)
c c c ]

We can easily obtain bj’ cj values from the relation above and it is understood
that in the centroid coordinate aj =-§A s J =1, 2, 3.

Two kinds of triangles used in analysis are:

i) Triangle 123, j34, 635;

It can be shown, that for this type

by ~Q b, =0; by =-Q
c, = ~P; c, = P; c, =0
i1) Triangle 323, 5j4, 61j
It can be shown that for this type

'bl = -Q; b2 =0; b, =0

20 on SRR M g £ ab
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where P, Q is the length of the elements in x and y direction respectively.

After some manipulation, Poisson's equation and the Continunity equation

can be written:

9, 93¢ 9¢, 3P
i _3 1 g
) [Z“’i(ax 3% T 3y 3y)+12 ¢ (ny + 10y ¥, +ny)

elementl 1
with j
13 - 50
3 ¢ Nd] 0 (50)
had ] 2
4 Z — (n + n2 +tn ) nx ax + vny 3y +Z Dn(E)ni
element i
with j
3¢ 3o 3., 3¢
.(_1 _1+_i_1)],0 (61)
ax Ix 9y 3y

where

Vox? vny the velocity in x, y directions, respectively, and

3
E=-W =-¥ (Z%‘%)

i=1

3 36 3 36
2 i 2 i
x i=1 lk"( x ) y i=1 wi( 3y )




Vox ™ un(E)Ex; vny = un(E)Ey

Figure 13 shows a flow chart of the calculatiom,

With the aid of a HP 9825A desk top calculator, we obtained the results
shown, The potential distributions on the two boundaries y = O and D are
close to the one dimensional depletion approximation (for example: See Figure

14, (a), (b) node number 1, 8, 15, 22, 29 and 7, 14, 21. 23, 35), if we take

D > 2W. Some leakage is observed on a strip area around y = %'D, in our results.

This phenomena might be improved by increasing the lengths of both Schottky
Barrier contacts a little bit such that two contacts overlap in y-direction.
3.2.6 Conclusion and plans for next period

We intend to pursue the analysis of the diode pair just described. Static
I-V curves will be predicted and g,parametric study made on the effect of the
device geometric and material parameters. For example the overlap of the
Schottky contacts should increase the leakage resistance by changing the posi-
tion of the depletion regions. However, the capacitance between the diodes
will also increase. Small signal scattering parameters will be predicted to
examine the trade-off encountered in the design. Preliminary growth work to

uncover the problems in epitaxial growth over metals will be initiated.
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Figure 14. An example of two-dimensional
Schottky Barrier diode analysis
using finite element method

Built-in wltage 0.90 volt
Applied voltage Q volt
Energy Relaxation time 1.0%1Q-13 sec
Doping density 11017 cm3

- Total number of nodes inside the bulk region 35

a.) Node Designation

Sk 4
>

Schottky Barrier
Contact

e

5><10_5 cm

Schottky Barrier
Contact
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Figure 14(b).

I=J8

Numerical results (the first and last columns are

boundary nodes, the number from 1 to 35 is the node
number, respectively)

(1) potential distribution at each node

8 15 22 29
-0.9 -0.74 -0.58 -0.43 -0.28 -0.13 0
9 16 23 30
-0.9 -0.72 |- -0.56 -0.40 -0.26 -0.13 0
10 17 24 31
-0.45 -0.36 -0.28 -0.21 -0.13 -0.06 0
11 18 25 32
0 -0,01 -0.03 ~-0.04 -0.03 ~0.01 0
12 19 26 33
0 -0.05 -0.13 -0.21 -0.28 -0.36 ~0.45
13 20 27 34
0 -0.12 -0.26 -0.40 -0.56 -0.72 -0.90
14 21 28 35
0 -0.13 -0.28 -0.43 -0.58 -0.74 -0.90
(2) Density distribution at each node (unit: 1016 cm-3 the zeros

on the first and the last column are actually 8.1x10~15xunit
i.e. 8.1x10-15x1016 = 81)

3 13 33 75

10 9.9 9.5 8.8 7.6 5.1 0
3 16 73 0

10 9.0 8.2 7.4 6.3 4.3 0
10 17 7% 31

5.0 5.0 4.8 4.9 5.3 6.3 0
11 15 75 33

0 1.9 2.4 2.7 3.4 4.6 0
) 13 7% T3

0 2.8 3.9 4.6 5.0 5.4 5.0

0 4.7 B3 6.7 P%7.8 %" 8.6 |3 9.5 10

0 5.2 (1% 7.6 PLs.o (2895 [35 4.9 10
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4., New Device Concepts

B. Abraham-Shrauner and M. Muller

4.1 Inertial Transport in Semiconductors - Introduction

In devices that use high~-mobility, low effective mass semiconductors, the
mean free time between collisions of a carrier can become equal to, or longer
than an oscillation period, or the mean free path between collisions equal to,
cr longer than a typical device dimension.

Under such conditions the carrier transport in semiconductors is not gov-
erned by the traditional friction-dominated Ohm's law behavior. The motion of
the carriers for the short times or distances of primary interest for device
operation may be more accurately descfibed by the inertial or ballistic equation
of motion.

An extreme version of such ballistic motioﬁ, assuming that the time between
collisions is long compared with the time that a carrier needs to traverse a
Brillouin zone, is discussed at length in Section 4.3 under the rubric of Zener
Oscillations. The questions addressed there deal with the limits of validity
of the effective mass theorem, tunneling, and similar concerns that arise in
the ultra high field regime of semiconductor transport.

Under sovmewhat less extreme operating conditions that are beginning to be
imposed on conventional but very small devices using extrinsic material, re-
sponse time and high frequency performance is also thought to be capable of im-
provement through achievement of inertial transport conditions.

The paradigmatic device for studying inertial transport is the short
space-charge limited semiconductor diode. Calculations of the behavior of such
diodes, without collisions, and with few collisionsl) have been reported. The
work published to date has not yet taken into account several considerations

that may be important, on which we have begun work:

e rbicitlondi s e - e




(1) an algebraic study of the uniqueness of the current voltage relation

(ii) a linear stability analysis of fluctuations propagating in the longi-
tudinal and transverse direction

(ii1) filament formationfor current-controlled negative differential resistance
and its possible instabilities

(iv) finite carrier temperature and cathode electric fields

(v) the effect of non-parabolic band structure.
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4,2 Ballistic Transport and Instabilities
by B. Abraham-Shrauner
4.2.1 Ballistic Transport and multivalued current-voltage relations
In this section the derivation of the basic relation for the electrostatic
potential as a function of distance from which can be found the d.c. current- i
! voltage characteristics 13 given. The derivation is included because our re-

sults and those reported in the litetaturel’z

show some strange features that
may under certain conditions cause instabilities rather than a stable operation
regime for a device.

Our model is a low temperature semiconductor, for example GaAs at 77°K,

with a mean free path for collisions greater than the short length of the
device (.1 - lym). Because the lateral dimensions are large, we use a one-
dimensional model with a d.c. voltage of .1 to 1 volt across the semiconductor

length. The energy of the electrons, the mobile carriers, at the cathode is

much less than thelr energy at the anode and is assumed zero. Since there are
a large number of electrons at the cathode in this space-charge limited regime,
2} the electric field is assumed zero at the cathode. Diffusion and scattering of
‘ electrons are ignored; a steady-state solution is assumed.
4 The appropriate equations are
Poisson's equation
QEH . -e(n0 -n) s | .
dx € €

where U is the electrostatic potential, p is the volume charge density, e is the

el

electronic charge of a proton, n is the electron density, n0 is the dopingz density,

BT

i ¢ is the electrical permittivity in SI units and x is the distance from the cathode,

the equation of continuity

& -
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- 4 :
v-J ax 0 2)
for the current density and the conservation of energy

%m* v2 -eU = 0 (3)

where m* is the electron effective mass a=.068me for m, the free electron mass,
v is the bulk carrier speed of the electrons in the x-direction and the current -
relation

(4)

J = -env.

The solution of the above set of coupled equations follows the solution

by Child3 and Langmuir4 for the space-charge limited vacuum diode that gave a

% power law for the current density. The electron denéity in Poisson's equation

is eliminated by means of eqs (2) to (4) in terms of the potential which gives

2 *\%
du -e[ J(m )]
——=—|n, +=\ . (5)
dx2 € 0 e\ 2eU . ,
For mathematical simplicity and ease of comparison we employ dimensionless
variables. )
* 2
u-_u_’u s_‘?—i—
U 0 3 2
0 2e ng
we 20 g = 3 £m %
x 0 —_—
0 Zean 3
0
j==J>0,¢= €0 SR Then eq (5) becomes
2
Qz-au-;’-l. : (6)
dw
The first integral is found by multiplying eq (6) by %% dw and integrating,
2
1 f du
2('&;) =2 Ju-u+C. | (7)

The boundary conditions are u(0) = %%_(0) = 0 at the cathode, x = 0, Thus C = 0.




The square root of both sides of eq (7) gives a separable equation that can be

reduced to quadratures.
u

du”

=w, 0<wc< /2. (8)
2 Zu}"‘-u'
0

The positive sign for g—: is determined by the fact that the electric field points

from the positive anode to the cathode and E = -5111_. Then the integral can be

dx
found by letting u® = t“. The result is valid only up to w = nv2. At this
2
point du _ 0 but du < 0 there or for w > 1/2, du 0 until w = 27vV2. The
dw dw2 dw

solution for u(w) given here as an implicit function is periodic.

v = [(n+ 1) 1/ - wo] [1_.'_§'_1_)2]+ [nm/f+ wo][l + é-l)n]

9
a2 < w < (n + /2
wnere wo - u - u + sin ';g (10)

is valid for 0 < w < 7v2 as solution and appears in the general solution.

This implicit function u(w) is not invertable analytically although one
35

may solve for u ;‘/2 in terms of a sine function and demonstrate the periondic

dependence of u on w. In Figure 1 the dimensionless potential u versus the
dimensionless length w is plotted for two periods. The cathode is located at

w = 0; the anode i3 at any other value of w that is appropriate. The curve is
somewhat misleading since u and w are larger for smaller currents. If the anode
{8 located at w = 21rv’2-, this predicts that electrons speed up and then slow down

to zero at the anode with no potential across the semiconductor. Such behavior

.
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is bizarre but no more than the cases where electrons slow down, then speed up etc.
In order to investigate this strange predicted behavior we first check the unique-
ness of the current-voltage relation. Both M. Muller (private communication)

4 and M. Shur2 have found multivalued current densities for some potentials. Since

7 multivalued currents are related to negative resistance which in turn can lead

to instabilities, we first check the range of the unique values of current density

for a given potential.

The range for which the current density is unique for a given potential is
checked here. For 0 < w < Y2 (we exclude the end points) we show that if
(“1’ wl) are chosen so that v, is in the range just given, then there is no

other point (uz, vy

) for which the potential U is the same but for which the

current density J (J = -j) is different. Now (wl, ul) obey eq (10) and (wz, u,
!
obey )
1‘ ‘
- 1 s;( 15)31 % .o -12
1 v 2n/2 + 2 u, \2-u, 274 sin —;ﬁ— (11)

for the range 2 < v, < 27/2. We shall prove the unjqueness for this range of

v, and then extend the proof. Now from the current density dependence of Uo,
x, we have

(12a)

2
ul -3 ul = Q 02. (12b)
3

Eqs. (10)~(12) must be satisfied if the current density is multivalued where

x = L i3 the device length in L and v, and U is fixed in u; and u,. We shall

# : prove that an inequality exists so that this set of equations is not satisfied.

We show that

B L I Ve

.
LR ¥ T, T R Ty



i | < 272 - z “11‘ (2 - 31_;!)_23/2 sin ) -—;ul;‘ (13)
a <x!i @ ° (2a) 7

where eq (12a) was used for w, on the left hand side wich v, given by eq (10)
and eq (11) with eq (12b) for u, was used for the right hand side of inequality

(13). We note that W, o= vy (ul), and find

w u u
0 ( 1) 1
— onaz < 21/2 (14)

must hold. Now any real u must be less than 4. For Yo with argument less than
u
4, Yo < /2. Hence, wo (—1- < /2. Next we show

o2

u
1
v (ul) <ow; (—2)< /2. (15)
Qa
If this is true, then the inequality (14) follows. To show (l5), we use 1 series

3 T 4
expansion ;t;or - 2!s uk (2 - u%);2 and 22 sin 1 u—;i from tables. We find for (5)
a, - .2

1
1 2%

1

+
2.4.6.7 24,5052

1
3,
2.4.6.7a 2
(16)

1
3 Y7335

-+

[z 7.3 1.3.8T15 1.3.5.12 T.' +.. 1.3.8T15 1.3.5.12 T, +..-

holds since a < 1 is required for w, larger than w Since the first two terms

2 1°
of the inequality in (15) are shown in (16) and the third is known, we have

shown (14). The proof can be repeated for v, > 27v2 and one finds that an in-

equality holds also since the left hand side is at most that found in (14) and
the right hand side is equal to or larger than that found in (14).

On the other hand, if the point (wl, ul) is chosen so that n/2 < w, < 21:5,

1
then multivalued current densities may arise. The condition for multiple values

-
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of current density 1is
20/2 + w (:l) - 2 - i (ul) %)) '
Q u2 a 3
if (uz, wz) lie 1in Zn/f <y < 3nv2. -Tﬁelsmgllest w, for which multiplicity ? ;
E exists occurs when u, = 25 = 4. The ranges of v and v, restrict o and then
E eq (17 becomes for the s:allest v
[ 30 =1- '21:%5"0 (40.2) (18)
E which is a transcendental equation. One can also plot the quantities 2% and
l. The potential is proportional to the first quantity and the curren: density

w

to the second quantity where the new dimensionless potential no longer has the
current density j present. In Figure 2 we have plotted Z% and % where the

current density is multivalued. This occurs graphically for smallest w, = 7.75,

1

u, =~ 1.5.

The multivalued current density is associated with negative‘resistance as
can been seen from the negative slopes in Figure 2. The negative resistance
may give rise to spatial or temporal instabilities. We first analyze possible

temporal instabilities.

4,2,2 Temporal Instabilities
The steady-state solution discussed for the electrostatic potential in

ballistic transport may fail to exist because the initial state does not evolve

into a steady-state solution or because various instabilities occur. We consider N

the latter possibility here. The approach for temporal instabilities used was
F first applied by Rovlands5 for cold plasmas and extended by Infeld6. The mobile
|

carriers considered in the derivation of the ballistic transport curreunt-voltage
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characteristic are treated there in the cold plasma or beam approximation.
The stability analysis for finite temperature carriers is considerably more
complicated.
: First, the one-dimensional stability analysis where all dependent variables
vary with x is considered. The electron carriers are modeled as a beam or they
are equivalent together with the doping background to a cold plasma.
The fluid equations for the electrons are

3n

5t + ™ (nv) = 0, (19a)
v ov _ e 3u _ -eE
.3—C‘+v§-_*-§= % (19b)

m m

2 n. -n

3 - -
__g. = %; = 08 e (19¢)
3x

We assume a steady-state solution exists with fiuctuations about the stemdy
state. The fluctuating variables are functions of pesition x and time t.
Each dependent variable is the sum of a steady-=state term plus a fluctuating

term where the latter is assumed to be a small perturbation initially about

the steady-state term.

The perturbation expansion is

n(x,t) = n(x) + 6n(x,t)' (20)
v(x,t) = v(x) + sv(x,t)
U(x,t) = U(x) + SU(x,t)
E(x,t) = E(x) + SE(x,t).

The steady state equations are

f& (5 ¥)=o , (21a)

)
L

kA

.
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vV _ e dU __eE
a—x * a—x' adiad$Y (Zlb)
m m
2 = n, -n
9 U _ _3E ( 0 )e
3 2 Tax - € : (21c)
x

Eq (21a) for demsity is equivalent to the continuity of current relatiom, eq
(2). The momentum flux equation (21b) integrates to the conservation of energy
equation (3) and eq (2lc) is just eq (1).

The equations for the perturbed variables are

3adn 3 ,— 3 -

3t = (név) +§ (vén) = 0, (22a)
36V = d4v v _ e 3dv

e TV tovgo = m* ey (22b)
2
290 . - fne (22¢)

€
Ix

The stability of this system is tested by assuﬁing a harmonic dependence in time
exp(~jwt) and by solving for w. If the imaginary part of w is positive, the
system is unstable. As the steady state is a function of x, the quantities
;,’; vafy with x. Therefore, the usual expansion in a Fourier series in x of
the perturbed variables will not do for this problem. A variable change is
introduced that renders the equations more tractable. New perturbed quantities

are defined that enable us to pass to a new variable 1, the trajectory time

for a fluid particle, that replaces x and removes any explicit dependence on x
in the equations. Then one can expand the equations in a Fourier series in 1.
The perturbed variables are

§8 = név + vén,

én vév.

(23)




To pass to these variables multiply eq (22a) by v and eq (22b) by n and add the
results together. Next change to the variables in eq (23); multiply eq (22b)
by v and change variables., The two resultant equations are

~ 388 - 3n - =

3 908 0.z .
30 8 + v 5 t 0o néE, (24a)
m
and
n =3 s . =€ Ssp
TtV o &n m* véE. (24b)

Then multiply eq (24a) by v/n and subtract the result from eq (24b). Take
the x-derivative of this equation, multiply by n and add this to the time

derivative of eq (24a). Finally multiply by v and we find

2 ) 2 (52 o)
- 2°s8 2 3% 32 \§ 63+ax("3 ass) e, 28E

o) axat Tt % o Vo 3t (25)

We next alter eq (25) by first noting the result from Maxwell's equations

..a—g-E-aéia—e_a_B (26)

ot € €

Secondly, one term is replaced in eq (25) where

- 32 [32
2P 2 e=v L G - Gon) 25 (-"5—) (27)
Ix

2 =2
where —3-2- %— —x—( ) ' E) (28)

by eqs (21b)-(2lc). Then eq (25) becomes

2 2 - 32 - 2 -
) (vﬁB) 4+ 2 — ata (véB) + —5 (vé8) + pr (vég) = 0 (29)
'r at
] ]
where v % " 3t and

x
T - [ -dx » Ty = (L) and
0 v(x*)
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© 2 ezno
p0 = —— is the plasma frequency squared.
m e
0
Also
;2.2 -2 5 2 (V88
v 35t 8 =2v ot

The eq (29) is a linear partial differential equation if vé8 is the dep-
endent variable. A Fourier expansion in t is possible of vé8.
Ssn = j 2mnt
éB = ), B exp [J—T ) (30)
n L
If we employ the harmonic dependence in time, eq (29) simplifies and the con-

dition for nontrivial solutions is

) .
2™ 2
(m - TL) = mpO (31)

From this relation for the frequency w we see that it is real or the steady-
state solution is marginally stable if fluctuations that vary in x are allowed.
This result was also found by Infeld for a traveling wave in an electron-ion
plasma if ﬁerms of order of the electron mass to the ion mass are neglected.
Infeld and Rowlands7 considered tranéverse spatial variations in the
fluctuating quantities and found, in the absence of p;rticle trapping, that
the system 1s again marginally stable. As a result we exclude any simple tem-
poral instabilities.
4.2.3 Negative Differential Resistivity and Spatial Instabilities
The current-voltage curve for ballistic transport shows multivalued current
densities for some values of potential (d.c. voltage). The slope of the current-

voltage curve then may be negative for low values of potential and current density.

See Figure 2 for the range of negative resistance.
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Ridley8 has discussed the effect of differential negative resistance and the
instabilities associated with it. The current density-electric field relation
is fundamental in his discussion. If different values of the electric field
occur for a fixed current density, the differential negative resistance is
called voltage-controlled; 1if different values of the current density occur
for a fixed electric field, the differential netative resistance 1is called
current-controlled. For the ballistic transport in semiconductors the curve
for the current density versus the electric field is plotted in Figure 4. We
see that the differential negative resistance is current-controlled.

The range of multivalued current density as a function of the electric field
need not be the same as the range of multivalued current density as a function
of the electrostatic potential. If for the ballistic transport case the pot-
ential is fixed and two values of the current taken, the values of the electric
field will, in general, be different. We cannot rely on the current-voltage
curves for the current density-electric field multivalued cases.

The electric field is E --%% for the magnitude of the one-dimensional
electric field intensity. If we consider the dimensionless electric field

du Yo av ' (32)
dv - U, dx )
0
where X, and U were defined above eq (6). A plot of

0
4qu
in Figure 3. The value of Ix

du
dw

is next assumed fixed and we vary j in X, and UO.

versus of v is given

Then we have
E

%3 ("1)/%% ("z) 'al"%'% 33)

where we have introduced E1 and E2 as the dimensionless electric field. Next

we keep %g, X = L, and the other semiconductor parameters fixed e.:cept for the

-
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current density. Then a straight line is drawn through the points w_, E

1 1
and Vs Ez . This gives
1 ™ 1

or b = 0. Hence, a straight line drawn through the origin and one point of the
w - E curve intersects any other points that have the same electric field. 1In
Figure 3 such a line is drawn such that the smallest w for multiple values of
current occur. An analytic condition is possible also. The smallest value

of w, called w here, is less than w2, Hence, the multivalued current density
occurs for smaller w or larger current density for the electric field than for
the potential. This result can also be seen in the plot in Figure 4. Here a
dimensionless electric field for fixed x = L and independent of current density
is plotted as the abscissa'%%//w; the dimensionless current density is plotted
as the ordinate 1l/w. ‘

For current-controlled negative resistance filament formation is predicted.
These can form in some cases a new stable state9 but the spatial instability
that leads to filament formation destroys the one-dimensional approximation.
Spatial inhomogeneity in the transverse direction exists. In addition, if the
negative differential resistance is placed in an external civrcuit, stable
filament formation is difficult to obtain in practice, as Ridley pointed out.

.In conclusion, if a cold plasma or beam approximation for the electroms is
employed, the regime of likely device operation for ballistic transport seems
to be for w < w/f, u < 4 and the smaller voltages and current densities (larger
u and w) are probably unobtainable.

4.2.4 Finite Temperature Effects in Ballistic Transport

The effects of finite temperature on ballistic transport could be important
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as device voltages are reduced. The model just discussed can be corrected and
the infinite carrier density at the cathode removed. Temporal instabilities
are affected by temperature but here since the cold system is stable, one
expects the warm system to be more stable. The work on the finite temperature
corrections has just begun. A preliminary calculation has been made where
the usual ballistic approximations are modified by assuming that the electrons
leave the cathode with finite energy. A calculation with a one-particle dis-
tribution function would give a more fundamental picture, but for low temp-
erature probably does not affect the results much.

The derivation of the finite temperature correction for initial beam
energy proceeds as before. We replace eq (3) by

1 * 2 1 * 2
> v - el = w 7 0 Vo (35)

Poisson's equation becomes

2
d°y _ -e b
v _-e |, . (36)
dx2 € 0 e(?-‘-?+v2)!’
0
m
In dimensionless coordinates we have
a2 v \*
——!2- u+—3 ] -1 ,3=enyv, (37)
dw Yo

where V0 is the initial carrier speed at the cathode and v, the effective carrier

0
speed 1f the current density were to have the doping density n,. The only dif-
2
ference between eq (37) and eq (6) is the replacement of uk by u+ Xg_
2
Yo

We therefore can integrate by a translation of u and find for 0 < w < 7Y2 that

«
T apees s et R T g€ R

o R i i i
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2\% 3
v 4v
w--4u+-—0-2- -2u-~——0- +--'/§'--/2_s:l.n-1 < 1.
v 0
0
(38)
v()
For small gl the likely case, the value of w is not altered much. The solution
0 \'4
does not exist for 9. 1.
v
0
) .




4,2.5 The Effect of Non-Parabolic Bands (M, Muller)

In a device that operates in a collision-free, or nearly collision-free
regime, the carriers that contribute to the device current reach energies
corresponding to the voltages applied to the device. 1In small and fast devices,
these are of the order of one volt. In most semiconductors, especially those
with small effective mass carriers, the bands depart from parabolicity at
energies well below leV. The effective mass generally increases with energy.

Thus the current is smaller than one would predict for a parabolic band structure.

To assess the magnitude of this effect, we use the conduction band structure
of a model narrow-gap semiconductor as computed by two-band E:; perturbation

theorylo)

. Such a model can provide a fair approximation to the real band struc-
ture in the vicinity of the conduction band extremum.

Assuming a direct-gap semiconducsgr, and placing the zero of energy at the
conduction band minimum, the theory gives the hyperbolic band structure

/ 2.2
s'-—%eg[1+-2-h-—k—-l] (39)

m*¢e
g

The theory also provides a relation between the effective mass m* and the

bandgap sg, but for the present purpose these two parameters may be chosen in-

dependently, for instance to fit a measured band structure.
To obtain the carrier velocity as a function of energy, we use ]
a_ealz.ﬁ 1+2l2_k_2. ~1/2 : i
dk m* m*e (40) Y
8 : ]
2 . ]
and then solve eq. (1) for k .
2
2 _ 2m* €
k - (€+s—) (41)
h 8 ;
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Substituting this in eq. (40) gives

2 1/2
— h(e+ / )
3 (e+e t-:g

3 /2
ak m* 1+2e/e8
2
e £
-+
€ €
= Vg Ti3e/e
g
(2m*v§e+sz)
= hv (42)
s m*v2+e
]
where we have defined a band-~structure limited velocity
- 1/2
v, = (sg/Zm*) (43)

Figure 5 shows the current best plot of the GaAs band structurell) with both
eq. (39) using the experimental eg and m*, and a h2k2/2m* parabola superposed

on the plot., The hyperbola of eq. (39) is evidently a much better fit.

The Poisson equation for a semiconductor uniformly doped with n, donors/cm3
carrying an electron current density J is
& o T, g -
dxz € € €V
where € is the dielectric constant and v is the electron velocity.
Electrons injected at x = 0 acquire a velocity
- 12
VT h oKk (45)

when their energy ¢ = qV = ¢.

Using the band structure gradient from eq. (42) brings the Poisson equation

into the form
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2
2 (m*v_+4)
q 1, . Iq s

¢"'-
€ evs (2m*v§¢+¢

572 (46)

where a prime denotes d/dx. Eq. (46) can be integrated once to give

2
2q"n
@12 - 0ren? = H (Pl L 0 1)
s

Assuming space charge limitation ¢'(0) = 0, and changing to reduced variables

¢
J X
us —, 3= s A = (48)
2m*v2 MoVs (em*/n0q2 1/zv

] -]

we can write the diode equation, the integral of eq. (47), in the form
] v 2, \1/2 .-1/2
f dulj(u™+u) " “~u] =g (49)
3 0

where u = v (V = VO’ the applied voltage) at A =2 (x = L, the diode length).
The normalized variables are:.
Diode voltage in units of 2m*v§/q--four times the kinetic energy the
3 ‘ carriers would have if their effective mass were constant at the band
edge value, and they were moving with the limiting velocity v if the
i E:; perturbation theory is taken literally, this unit is equal to eg/q;
3 Current density in units of qnovs-the current that would flow if the
L mobile carriers from the doping were moving with velocity vs;
Diode length in units of VSTP' with Tp the plasma oscillation period of
the semiconductor.
Curves of current density versus voltage are shown in Figure 6 as full
curves. For comparison the current density-voltage curves one would compute

! assuming constant effective mass are shown dashed.

We have not extended the diode characteristics into the low-current region

at the lower ends of the curves. The problems encountered by modeling this
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Figure 6. Space-charge limited current-voltage relation
of a collisionless semiconductor
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operating regime are discussed in section 4,2,
The vacuum diode analog 3/2 power law holds only for Vos eg, and then

only for 2s1l. That means very short diodes--for GaAs with n. = 1016, shorter

0
than 0.25um. The limiting higher voltage behavior is JaV rather than J av3/2;
the J-V curves bend over.

In the typical size and operating voltage range of GaAs devices the cor-

rections indicated here appear significant but not dramatic. They are likely

to be rather more important in devices made from smaller bandgap, lower m* i

material,
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4,3 Zener Oscillations

R PTAR TR gy e i~ s BRT s

M., Muller

4,3.1 Introduction
1)

C. Zener,”’ more than forty years ago, pointed out a curious feature of

the dynamics of band electrons which could, in principle, lead to a high-frequency

oscillation.

In the absence of any other interaction, the motion of a crystal electron

T R )

. in a steady electric field follows the law

hk=qE k= %EE t,

b sidoiidgiaiion

That is to say, the electron describes a rectilinear trajectory in the extended

Brillouin zone of k - space. Since the energy € is a periodic function of k,

BT T gy A T g

and the velocity v is

v =

SN T
3

.kig

the trajectory of an electron wave packet is oscillatory. The period of the

oscillation is the time required to traverse the reduced Brillouin zone @

; fr =20 * L _2mh 4.1x1077 *
3 a, aqE aE

! .
‘4 where a is the lattice parameter in A, E the field in v cm 1 and the amplitude !
4 s
. of the oscillation is ?
J; ) _1 1 _A :
| %oc / vde = 3 /vkedc = / U edk = o i

4 half cycle band ;

- *We assume for simplicity that the field is applied along a principal lattice '
vector.




where A is the width of the energy band.

This elementary description of the phenomenon is quoted from the pro-
posal for the present project. We also commented that Zener recognized at
the time that competing phenomena would rule out the occurrence of such
oscillations, and that there had not been any report of an unambiguous experi-
mental verification. It appeared possible to us that progress in materials
technology had reached a point that would justify a more detailed study of
the phenomenon.

The eventual objective of studying Zener oscillations is to utilize them
in a device for the generation of submillimeter radiation. The manifest advan-
tage of such a device would be its ability to use a uniform steady electric
field as a source of power, and its direct voltage tunability. The form that
a device would take is not yet clear; our effort at this point is focused on
the feasibility of observiné the central phenomenon.

Zener oscillations are a special form of charge tramsport in crystals.

The reason why they have not been observed is generally believed to be carrier
scattering. (It has been argued that Zener oscillations might not be observable
even in the absence of scattering; we will comment on this controversy at length
below.) Very recently collisionless carrier transport, called "ballistic" or

2)

"inertial" transport, has attracted a good deal of attention™’., It is believed

that "conventional" devices, such as short-channel FET's, may be capable of

superior performance if the carrier transit times are made short compared with
the mean time between collisions. In consequence of taking a viewpoint sug-
gested by the study of Zener oscillations we have been able to contribute to

the theory of ballistic transport in thin layers of semiconductor. The
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contribution appears elsewhere in this report. Here we shall discuss those
topics bearing directly on the oscillations:

The range of validity of the effective mass approximation

Tunneling, interband transistions, and the Stark ladder

Scattering

This last topic 1s at the heart of transport theory. In principle the
theoretical apparatus for a description of high-field transport is in
existence, but its application to device electronics is not yet a realityza).
We should like to devote some serious work to this area, but we are not in a
position to begin such an effort within the scope of this project. We will
look at scattering phenomenologically; such a viewpoint is probably adequate
for our purpose. It does appear appropriate, however, to discuss the first
two topics in some detail. Much of this discussion is tutorial, but surpris-
ingly some aspects of the dynamics of crystal electrons are still contro-

versial.
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4.3,2 The Effective Mass Theorem

We can start by looking more carefully at the equations on p. 4-28, They
are a curious mixture of classical and quantum dynamics. The classical view
is implied in the integration x = fvdt; the quantum mechanics appears in the
wave vector of the electron and in the band structure.

The approximation on which the equations are based is to regard the
crystal electron (or hole) as a particle with a (tensor) mass

(_L) .1 %

m* /1] ﬁz Bkiak.j
This implies that the motion of the particle is described by a Schrodinger
equation giving, for example, hydrogenic states for a coulombic defect, or

as another example, scattering that can be aglculated by perturbation theory;
and, through the correspondence principle, clagsical behavior for suitably

constructed wave packets, with a velocity

-
=T

e
3k,

and dynamics i.

nfi-q(f+%7><3.

One expects this classical dynamics to describe, for example, cyclotron
resonance, and acceleration and mobility in slowly varying or static electric

fields. Thus the usual theory of mobility starts with

t ta t -
= - 1 o€ -1 e | dk
"_/0. th-‘h.[ ok 4t *hf/c; 3% at 4t

k
. L A -1-_-]
qE_[ i dk qE [e(ko+ﬁgt) e(ko) .
k
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If the electron starts at a band extremum, where

22— .2
1 (k—ko)

2m* ’

E(E:ib) = then

249 .2 _

HO " TomagE - Tkt

L

This is the motion until the carrier is scattered--the inertial or

ballistic motion. The usual

;-uf-% <T>

results from averaging over scattering lifetimes when <T> is much shorter
than any other time interval of interest.

When the scattering lifetime is long, the inertial motion continues, but ,i
the carrier reaches energies where the energy must be described by the full
band structure rather than the parabolic approximation valid near an extremum;
the resulting motion is the Zener oscillation described on p. 4-28.

To assess the validity of this description, it is necessary to examine
the theory to see where approximations are made, and how they might be expected
to fail.

The starting point is the one-electron approximation. This discards
questions of correlation, plasma oscillations and other effects important at
high carrier densities.

The one-electron wave functions of the infinite perfect crystal are

generated by the periodic potential Hamiltonian

o = en@"'ni

]
!ﬁ




2
LAt o2, =
with By = = 5= V5 + v(D)

V(x+2) = V(1)

where £ is any lattice vector, and they are of the Bloch form

In these equations, n is the band index.

When there is a field present, the Hamiltonian is H = H  + U, the

0
Schradinger equation is

PINES

(HFDY(T,t) = 1 7 S50

and one can attempt to write the wave function as a wave packet of Bloch

functions

V(T,t) = g‘i‘an@, £) Y (D

Rather than substituting this expansion directly in the Schrodinger equation
and solving by perturbation theory, one can take advantage of the periodicity

of sn(i) to transform the equation; since we can write

- ik « T
en(k) % enz e

Een(i-) e—ik i 2,’
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the energy can be formally represented as a function of the momentum operator

by replacing'f in the Fourier expansion by the operator - i grad:
- 2V o Lo 2
e (-1V) = e e Y € (T T+ (T-D) +.L ).

Note that the operator exp(2+V) translates any function of position by the

lattice vector £:

ez.vf(?) = f(T+2), so that operating on a Bloch function

e, (-1NY n;(?) - %sn Vv n:(?ﬁ)

1RKes, -
-genle wnf(r) = e1:1<E)wni<?) '
2

We can use this to evaluate part of the Hamiltonian acting on the wave packet.

Hy = § H ) a (k, )Y (D
§ [e,(0+ula_(k,0)y ()

- T - = oY
Z:,[en( 1V)+U] % a (Y= =14 £

This looks almost like a Schrodinger equation for the wave packet not involv-
ing the periodic lattice potential, except the kinetic energy operator
en(-iV) is not outside the summation over bands.

One obvious way to deal with this difficulty is to assume immediately

that the motion of the electron is adequately described by using Bloch func-

tions from one band only, thus




¢
!
[
"
i
b

¥ = X alk, 0y ()
k
giving immediately

By = [e_(-1N)+U}Y = ihy.

The identification of en(—iV) =€ (g) as the kinetic energy operator then
completes the effective mass acceleration theorem, but the approximation dis-
cards any possibility of band mixing or band-to-band transitioms. Since these
effects are of primary interest, we must usé better approximations. Actually
one can do a little better without the one-band approximation by using Wannier
rather than Bloch functions to construct the wave packet. The Wannier func- j:

tions are (maximally) localized functions defined by

so that

@ =Ny MY G
7

Each Wannier function is centered on a lattice site; unlike atomic orbitals,

Yok

Wannier functions on different sites are orthogonal

N —_— - Ked —=ik'el' * T
w *(r-Dw ,(l’.‘—l')dr _i Z eik le ik wanwl:'n' dr
" " VK
]

6 ! —. _—' =
:;‘n 2 eik (2-4" Gnn'éﬂ' .
k

The wave packet is constructed as

v(r,t) = }:t £ (Tt (-0
n

’
[ R AT Sy Rty




that is to say, a separate envelope function is defined for each band.
The

From here, the standard method of perturbation theory is followed.
wave packet is inserted in the Schrodinger equation (H0+U)w = ih@,
the equation is multiplied by m:.(;:f'), and integrated over the crystal

‘\; f dTat, (1) (B e F-DE 7,0

n

d T ¢) -
= ip a; fnl(z'st)’

- - 3
PHCINLIE L ALMRICR LM ENCIDRELY nERICIND)
nf

70y = [ = oy =
unn,@,z ) _fmnG ) )u(amn(? L)dr.
The envelope function fn(f) up to now has consisted of a discrete set of
numbers, one for each lattice point, but it can also be viewed as a continuous

function which, on the lattice points, takes on these numerical values:

— — v

°
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fn(z) = [fn(_r')]-— .

r={

With this viewpoint we can use

};‘, et {t+2) = sn(-iv)f(_r-)

s ¢

on the first term in the difference equation above:

%%u'%,ﬁ-’f‘fn“’t) = % Env’—z'_zvfn.(l,t)

= [Env (~1V) fn| (r’t) ]?s‘i"
and substituting this result we obtain
(e (-, (F,0) 1= 70 + Z_:E U_ZINE (@,e)
n

Bfn NEANRS) .

= ih 5t .

e .

This is a set of coupled Schrodinger equations for an envelope function in
each band; and these wave equations do not involve the periodic crystal
potential. From this formulation we can see explicitly how band mixing

comes about: to have Unn' appreciable with n ¥ n', U must be rapidly varyving

N

gt
Y

in space (i.e., the field must be large). There is no restriction on the
size of the wave packet, as given, say, by the shape of the envelope function
f. Furthermore, of course, there will be requirements imposed by energy j
conservation which are not reflected in the interband matrix element, i
Putting band mixing aside for the moment we see that either of the equa-

tions we have deduced

e e
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[en(-iV)+U(?) W, =thy

[e, (-17)+ ; Um(I' ,E)]f.ml =i £
2'

mass theorem for the crystal electron, because it provides an expression for

the kinetic energy in terms of the momentum operator‘§-= -iV, and therefore

for the Hamiltonian.

The theorem can be extended to allow for magnetic fields.

§ = e [-17- ;&;K(?,c) 14U

'ﬁ where the fields are found from the potentials by

4
¥ FayxE Ee-L13_1
4; B=Vx4, E <3~ g
_ Since we will not be concerned with magnetic {ields, we do not derive
3 this result here; it was first reported by Jones and Zener3
b ! To exhibit the meaning of the theorem, we apply it to the dynamics of
an electron at the bottom of a parabolic conduction band.
e@® = ni?/2m*, so
2
- h 2
2 E(—iV)'-m‘V .
?}
P | 2
! e o2
% H=- 22 Vo+U(r)

i s . i

R M T i

describes a quasi-particle which is called a crystal electron. Indeed the
two equations are nearly identical. If U is slowly varying in space, the
matrix element of U for Wannier functions on different sites is very small

and one can then say Unn(f;f) - Un(?). The equation constitutes the effective

It is found

that in the presence of a magnetic field the Hamiltonian is

e

o e ——

Sr——
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and the crystal electron acts like a free electron of mass m*. Then invoking
the correspondence principle, we can say that in the proper classical limit

the crystal electron will behave like a particle with the corresponding classical ;

Hamiltonian
-= . :E —

that is to say, its dynamics will be described by the Hamilton equations

T.38 = __H
>’ P or

These equations are, explicitly i

T8 2 -1 2l
VeR e -1 X

showing that indeed p = hk is a "classical" crystal momentum, and

%smt--%%a-vm?) = qE

where we assume that U is an electrostatic potential.

[P

The classical correspondence holds up only if the classical particle

has the same trajectory as the center of the wave packet, and preferably

the wave packet should hold together fairly well. Since the Schrodinger P

‘1; equation is dispersive, this requires restricting the range of k.
The last consideration suggests that for this classical limit it will
be more convenient to comstruct the packet from Bloch functions than from

Wannier functions. So let

wn-l;(?) < BT @z F T P - ei(k—ko)'r‘pn‘ﬁ o |

nk




— i -._— o— [,
U= Za(k,t)e (k~kg) rwni (r)
X 0

that is to say, we assume as will usually be true, that the periodic part
of the Bloch function varies little with k. To Justify this approximation,
consider the wave function from the LCAO viewpoint: if we remain confined to
a small region of the Brillouin Zone, there is no reason why the linear com-
bination of orbitals making up u — should change much. If a(k,t) is small

nk
except for k near k., then

FE,0) =Y alk, 0tk T
k

contains only long wavelengths and hence varies slowly in space. Therefore

F(r,t) is nearly constant over a unit cell, and
w - F(;st)wn'k‘ (?)- *
0
To obtain the wave equation we work out

e (-1N)Y = en(-iV)F(?,t)w nto(?)
- Z: en_2£7°vr(?, )Y “Eo(?)
2
0

= _Z_: en.rF(?+T, Y ¢ (@
2

1% (kg-1V) _ —
En’EwnTc-oG)e ko F(r,t)

- ™M

ol 2 G)en('ﬁo-iv)r(‘?,:)
0

and HY = {h ‘jl becomes an effective mass equation for the amplitude F:
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[, (ky-1+U(D) IF(F,0) = -1n F(T,v).

Furthermore, since F is slowly varying, VF is small and the leading

of a Taylor expansion of €, about k

this is valid everywhere in the Brillouin zone, not only at a band extremum:

ae 1 azen
e(k+k)-s(k)+k = k,k, ——— +.0..
i ak k, 173 3k 3k k,
—— .= 1.2,1
en(Eo)ﬁv(ko) Tkt S (e )ijkikj+.
and so
- 1.2 1 3%
e (egiV) = € (k)-th T(k) -V~ (m) T o

.away from a band extremum, the first order term must be included.

We can now obtain the quasi-classical equations of the crystal electron

as equations of motion for expectation values. We need the normalization of

F:

fw*wd?-l-flrl |u— | dr,zlf(z c)lflu— |%dr
%

unit cell
1 — 2 1 — 2 —
'ﬁg |F(Z,e)|° = "','f]F(r,t)l dr;
L
Therefore the quasi momentum has an expectation value

<P> s%fp*pp ._ 2 8*(k',t)a(—" ’t)j k" i(k" -k').rd? )
k K"

E Since a(k,t) is appreciable only near ko
i

and get, for the crystal (pseudo) momentum

= ko(t), we can choose k"

terms

0 are adequate. It is worth noting that

+oeeas

= io(t)

- .
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<P> = h ky(t), and
<%> -3 <[H,F]> = 1‘-<[U pl>
S 4
i —
-+ f F*[U(-1h7) ~ (~AV) UFdT

-- % f F*(-VU)Fdr = -<VU>.

Similarly, from

> = v Y <[H,T)]> 3 <[en(h).r]>

we find from a Taylor expansion of €q about ko.

J€
-1 n
v n < B >.
thus verifying h k = -VU +% v x B.
To summarize the exposition up to this point: We have shown that the
effective mass theorem, in the form in which we have used it in the theory
of Zener oscillations, involves two approxihations: The neglect of inter-

band coupling, and a restriction of the wave function to a small region of

the Brillouin Zone.

o add e

bt i o it




4,3.3 A Static Test of the Theorem

Before we proceed to an examination of the role played by these approxi-
mations in transport theory, it is instructive to consider a static examplea)
which demonstrates that the uncritical ugse of the effective mass theorem can
produce grossly wrong answers in an extremely simple context.

It is quite customary to use the effective mass theorem in the discussion
of the hydrogenic states of a Coulomb potential, as on a shallow donor. This

is a time-independent problem so ih & = ¢, and the appropriate wave function

at the center of the Brillouin zone (Eb = Q) is

" - F(?)lbno(?) = F(?)uno(?) .

approx

With a periodic crystal potential V(r)

2
{ ‘%;‘; + V(-r')]uno(f) = €% €))

n0

2
[ 35+ UDIFD = (e=e JF®

where U(T) is the coulomb potential, and e-en is the binding energy of the

0
donor level in the effective mass approximation.

We can test the combination of eigenvalue and eigenfunction by a type
of self-consistency argument. Let us postulate a potential Veff such that

both the eigenvalue £ and the eigenfunction J are exact:

2
o -
( T veff) Fuo = €Fuyp -

If the effective mass theorem were exact, it would require Vs = V(D) +u(D) .

We can test the theorem by evaluating




= <V(r)+U-Veff>

ITF%u* -
fdr!-‘ uno[v+u Veff]Funo.

This 1is carried out easily:

2
= -L
veffFun (e 2m ) Fun

2
- - P
V(r)l-'”un enoFun F 2= Yo

2
= (e -y B
UFun (e sno)Fun u o F

2 2 2
)40~ = F By -y B B
(V[T +v Voep)Fu = - F 5o u u, o5 F + 55 Fu_

We can work on the last term

2
p Fu = p(pFu) = p[Fpun'P(pF)un]

- (pF)(pun)+szun+(PzF)un+(pF)(pun)

1 2 1 2 2
7 P U "o [p Fun'z(PF)(Pun)-unP F)

2 1 2
(V(::)w-veff)x-'un il (pF) (pun)+ 7m U P F

2




so finally

A -fd?r*un* [(% - -2;17;) unsz +;1; (pF) (pun)]
../Fd- 2 LI Bi F+2 (F# *
r|(l - m*) lunl F ™ - (F pF)(unpuu) .

Note that this gives the expected result A = Q0 for the "empty lattice"” where

m* = m and pu = ~ihVu no ™ 0, but with slowly varying F

2 2
* B ky = * 2_ J(. * .‘jr x B p 4%
fdrF P~ F uku_ ZF dTu_*u F* E=F dr.
Xtal cells cell *Xtal
This asserts that the first term in A is just (-%; ~ 1) times the kinetic energy

of a particle of mass m* and wave function F(r), equal to the same factor
< %s = 1) times the binding energy. The second term, to the same gpproximation,
is zero from symmetry.

Since it is known from experimental results that the effective mass approxi-
mation is quite accurate in predicting the binding energy, this result indicates
that the wave function is poor: either the assumption that a harrow range of

k suffices to conmstruct the localized orbital, or the neglect of interband

terms, must be invalid even for these shallow states which are normally viewed

as one of the major successes of effective mass theory.
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4.,3,4 Motion in a Uniform Electric Field

We now proceed to a detailed description of the collisionless motion of
a crystal electron in a uniform electric field. This is a sufficiently simple
problem so that it is surprising that it has ever been controversial, and that
some of the controversy is apparently not completely resolved.

The physical core of the difficulty is this: When one accelerates a
carrier, one might suspect that the carrier has to move some finite distance
before it "finds out" what its effective mass is, i.e., it has to sample enough
of the lattice to "learn" what the periodic potential is like. So one might
guess that the classical motion with mass m* takes some finite time to develop.
In one rather obvious sense this crude formulation of Eherenfest's theorem is
confirmed in optical band-to-band transitions, where the interaction Hamil-
tonian involves m and not m*. (The effective masses ?n and mp appear in the

transition probability because they describe the density of initial and final
5)

states, not because they are involved in the transition kinetics

When the perturbation is a uniform electric field, a formal resolution of
this question is obtained by writing the Schrodinger equation in a momentum
representation that explicitly separates the intraband and interband parts of

the Hamiltonian. We have

2
H -H0+H', H, -%;-i-v(r), H' = —qE * r.

The eigenfunctions of Ho are Bloch functions
— . — - ii.-r- - —
n0¢nk en(k)¢nk, ¢nk e unk(r).
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Consider the operation

iker, -ik-r -

iqe™" "E-V,d 7" "o g = 1qE-V, 0 phqEerd o -
) This permits us to write the Hamiltonian as
; H = H +iqE-Vk-iqe X TE.¥ e 1K°T
0 k
; and the Schrodinger equation in the (crystal) momentum representation as
i ) = e (O+1qE-7, ~1qe'TE-v T Ty,

Now we allow k to vary with time, and we shall see presently that the second

term on the right hand side of this equation gives only the acceleration within
a band, the third term only interband effects. To demonstrate this, let
ik(t) T -ice
Y=e u (k(t),T)e " h "
and consider as a first example a free electron with V(;)=0, udE(;)-l; then
— 22
U d TV = (DK _ ST
ihy (E-h at r)w ( 70 E r)lp
-ik°T.
(since the last term on the rhs E°Vke Y =0).
Thus we can identify the acceleration term hk = qE.

For a crystal electron

b

_ - —— 4 ;
;! * - - - d_k.- .d_k o iker - —¢ t i
i iny [enunk LI TR s e Vkunk]e e h n 3
; iker et i

i -— s Ir - —
: [enunk-qE T udE+in Vkunk]e e A n !
§ i
‘ —— —— {
-1qe* TRy o 1FT ]
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So if the last term does not make any contribution that changes E, we again

have hk = gE.

O P PR

To establish the last point, consider the matrix element

-iker
e

<alkr|e* ey, |nk> =
= 1K) T == = !
- * . —m Eeo
dr uk e E Vkunk E Rn,n(k) . :
The last equality expresses the fact that, since u;,i,vku ok has the

periodicity of the lattice, the matrix element is zero unless k=k' , 80 it only
links states of the same k and does not accelerate the electron; it does induce

interband transitions and polarization, the next topic to be discussed. For

the sake of simplicity, we have neglected the changing kinetic energy of the
electron in the wave function; we now repair this deficiency, to begin with

6) " 4

by writing for Y a one-band Houston function
1 [t - oy =
ook f XEOILE LY
0

When this is substituted in the momentum-representation Schrodinger equation,

we again derive the acceleration theorem (omitting the interband term):

P 1
i — = - = fedt ik°r i
ih[ y en(k,t)unﬂ.k r un+k Vkun]e h e

t
i
[en(ﬁo) u +iqE (-‘h ) '{ Vksn(E) dt un+1qf (iT) u
1 rt -
+ in-Vkun] e 1 ed‘refE-r

Here on the rhs en@) = en(Tc'o) because it i{s the eigenvalue of the
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time-independent equation How = gy. Using the result Nk = qE selfconsis-

tently, this can be rewritten

- e — -
en(k(:) ) un+hk- 3 un+ihk-Vkun

JF dk 4 - = =
enﬁo) “a + %’ f&k dt un—qE-r un+in-Vkun

- en(EO)unﬂen(E(t))-sn(Eo) ]un—qE-r un+in'vkun

The one-band Houston function is not an exact solution of the wave
equation. If we want to evaluate the effect of the interband terms, we need
an exact solution, which we can write as an expansion (for simplicity in one

dimension)

1 /“
e_(k(t))dr
- ik(t)x
za (t:)e un(k(t) »X) -Za v_.
Substituting this in the Schrodinger equation produces

nnn

th 35 (a b+ v ) -Za [e (K)+iqE o= Ty
n

ikx 3 n

- iqEe * 2 ae u_,
n

where we have cancelled the terms that we have just shown to be equal from

the acceleration theorem of the one-band Houston function. Carrying out the

indicated differentiations on the right hand side gives

t
1/‘ e (v)-c (0) du
- £qdT Z n n nf .
ihz aue A -1qEnan[ & un+ 3k

AWl

-
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Multiplying by u; and integrating over a unit cell -
1ft
. o - 7 J (ey-gg)dt
th & qr-:zn: aX e h /

where

R g
Ex
1]
]
\".
g%
|
lo
a.
o

is the dipole matrix element.

1f we start out with an electron in the Bloch state |[nk> as defined in
zero field, this has the usual interpretation: the field, which is turned
on at t=0, causes rapidly varying terms to appear. The velocity

<v> = - %fw* %& dx also oscillates rapidly, with frequencies (em-en) /n

about its average value 4 {f
3
i 8
';;_lae_n E . 1
- + —
h 9k k ko ry t

We will come to a physical explanation of these oscillations later.

B For the present we note that they make it possible to satisfy Ehrenfest's

i theorem according to which at t=0 we must have <> = %f- with m the
free-electron mass; this is proved in detail below. For a Bloch initial

2‘ state |nk> the oscillations persist. For a wave packet, the oscillations of

§ the Bloch states constituting the packet get out of phase rapidly and their
cumulative effect dies out, leaving the carrier moving with the effective
magss. We can estimate the time T needed for this dephasing from the uncer-

tainty principle

;‘ Adwt ~ T, AeT ~ 7h

|
B
g
i

;.
{ z
!

m2m 21Tm

n2a?  nk)?

T~ =

Ae
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then from

AkAx~1

we have

2mm(Ax 2

T~ )

In cgs units the electron mass and Dirac's constant are numerically roughly
equal. This means that the time required for the effective mass to be

"established" depends on the localization of the carrier
2
T~ 2m(Ax) X in cm;

alternatively, if we take Ae~ kT ~.01 eV, we find r~10-13 sec.

To work out the velocity for very short times we start with

i) = €_(k)W_, +iqE * - qEEXn '

where we have already rewritten the interband term

ak 'k ok

ikx 3 -ikx
zln k><n'k|e [nk> = —1§Xn4n|n'k>.

This can be integrated for a short time St starting at t=0 to first order in

the electric field

v(se) = VYag ~ 1h 6:2 'n n'K

where K = k + %? st.
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The velocity <v> = - %fw*VWdax to first order in E is

<V>--—f3[w* +1§£Exnn'wnlc][ .14 9_‘_552 n'n nl(]

ESt i
v () - Zl: xn,nw;K(-mV)wn,K-xm,w:,x(-mvwnx]

vn(K) imn E X n*Pnn'-xnn'Pn'n]

The momentum matrix element is related to Xnn' l;y N

inp_
nn

B -
nn'

m( € s:l)

2
- qEGt l nn'|
<y> vn(l() E :

ol m(e -en)

Then using the f-sum rules)

ESt m
<y> = vn(K) - 'Lm— (F -1

= v_(®) - qESt (—-ﬁ

and since

ov
- qESt - qESt n
vn(K) vn(k +3 ) = v n(k) +25 Bk

2
-v (k) + qESt 9 en(k) _ v (k) + gEit
n 1‘2 akz n m




this proves that for short enough times
w(t)> = v(k) + S-E‘S—t .

that 1s to say, the carrier accelerates with the free electron mass and the :

effective mass theorem fails. The implication of this failure can be clari- 1

fied by using a perturbation transformation due to Wannierg) and Adamslo)

which removes the interband terms. To first order in E this was done, in the

present problem,by Adams and Argyresu) . The appropriate multiband Houston

function is

6 =y ‘H‘EE Xa'a o'k
nk nk n En-€n|

where the wnk are one-band Houston functions. Now, leaving out all terms in

E2, the Schr'c;dinger equation is

X, ihw ' X, e ¥
¢ - in n'’n "n'k _ . n'nn''n'k
ih¢nk mwnk+qE n'. €€y ihwnk*-qE ; € "€

n

X b, (e -€_ )X _, ¥
nn'nn'k n n‘n'n'k
e ak]‘bnkﬂ;Ez IR D €€

n’

! E xn' nwn' k EZ X 3
= 1€n ank"'q Z €, €nt -4 n' n“bn' k

nl

nn'

3 ta¥a'o¥n i 3 ' |
[ €,-1qE Bk][ k*qEE e Ea19B 5 o : J

so to first order in E this multiband Houston function has hk = qE; furthermore
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3¢ Xy X 1a¥n
ih nk on''n'k) 9 n'n'n'k
v o= - N Tix <(w:k+q3§ €4 Ent ) ax (wnkﬂg €."€ ) g

1 1)
- -1 x -k ¥, _—n'k
vnk+qE %;,' € €qt < xm:a""'n’k ox + xnn' ok ~ax

-v + E E X__nn'Pt_\'n+xn'nPnn' - - l 3€n
ok "~ 4 e R nk  h ok

and for these modified bands the effective mass theorem is valid to first

12) that the decoupling

order in the electric field (Wannier has shown elsewhere
can be made exact).

We are now in a position to interpret these results. There are really
three phenomena taking part simultaneously. When the field is turned on, the
bound (filled band) electrons experience a force that alters their orbits; very i
simply, the semiconductor becomes electrically polarized. This modification,

of course, happens to the wave functions of all the states, whether they are

filled or empty. This is the state mixing familiar, for example, from the

bl

N atomic Stark effect: the states of a hydrogen atom in an electric field can
be represented as a superposition of field-free states. Even the persistent

oscillations we have noted occur in this simple analog. Put in the crudest

D
g,

terms, when the field is turned on suddenly on an electron in, say, the ground
state, it receives a "kick", its orbit 1is "shocked" and continues to "ring"
indefinitely. Ehrenfest's theorem hoids--the initial acceleration of an elec-
tron bound to a proton in qE/m (but, of course, it does not continue to move {
with free-electron dynamics). }

The modified states ¢hk correspond to the polarized (Stark-mixed) states

of the atom. They are the states in a steady electric field, presumed to have

i
1
!
V
|
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been turned on infinitely slowly, so there are no oscillations. Unlike dis-
crete atomic bound states the ¢nk as continuum states can experience accelera-
tion governed by effective mass dynamics. This is the second of the dynamical
phenomena.

The third phenomenon, electron tunneling, is implied by this discussion,
but has not yet been mentioned explicitly. The bound states of an atom do not
form a complete set; at high enough energy there is always an ionized continuum
Similarly, at high enough energy in a crystal there are empty ciosed or open
bands.

In a uniform electric field an electron can acquire in principle an unlim-
ited amount of energy. One way of representing this idea is by means of an
energy level diagram in which the vacuum level and the band energies are func-
tions of position - "tilted bands", Evidently levels or bands that are ener-
getlcally separate in tne absence of a field, become degenerate when it is
present. This means that real as well as virtual band-to-band transitions
become posgible, This phenomenon is crucial to the possible occurrence of

Zener osciliations, and we take it up quantitatively in the next section.

B YL U

hiishakdon




N N P typid

e et e .

4-56

4.3.5 Tunneling and the Stark Ladder

Zener oscillations have not so far been observed, nor has anyone really
expected to observe them. That is so because under '"readily realizable" con-
ditions the Zener oscillation period 1is appreciably longer than the mean time
between collisions of a carrier, "Readily realizable" conditions here means
fields small enough so that avalanche multiplication can be avoided. But there
appears to be some question whether Zemer oscillations could be observed even
if the collision time could be increased well beyond the oscillation period.

The putative existence of the oscillations is based on the "theorems"
fik = qE and v = n‘lae/ak. We have now seen that the validity or failure of
these approximations is bound up with interband tramsitions. It has been ar-
gued13) that because of the band mixing terms it cannot be established that a
carrier can on the average complete a full cycle of the oscillation.

.

The controversy is apparently not completely resolved--a paper om it has
appeared as recently as 197614). The argument is usually carried on in the
equivalent terms of quantized Stark levels. To follow this, it is easiest to
go back to the pre-1925 quantum theory. Since the collision-free motion of a
band electron is periodic, it is quantized according to the Bohr-Sommerfeld
phase integral(fpdq = 27 or the equivalent Bohr-Wilson rule Ac = 2mh/T = qEa,
using T from p 1.

This is the electron energy spectrum of a band if the interband inter-
action is neglected. It is called a Stark ladder, and it should be observable

using available highly sensitive modulation spectroscopy methods such as electro-

reflectance measurements.

prme = v mE—————
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It has been objected13)

that one cannot neglect the effect of the inter-
band terms for as long as a period of the Zener oscillation; or equivalently,
that the interband terms qunn. are of the same order of magnitude as the Stark
ladder energy separation. This order-of-magnitude argument is plausible, because
the matrix element Xnn' - f u: Vkundai' might well be of the order of the lattice
constant. This questig:igageii resolved more precisely. What limits the Zener
oscillation is band-to-band tunneling, and if the band structure is known, tun-
neling probabilities can be calculated with reasonable confidence. We shall

show a model calculation based on Kane's paperslS).

Concern has also been expressed that the Stark -ladder might not be obser-
vable because the spectrum is unstable "in the sense that the slightest change
in the direction of E completely alters the level structure....". The passage
in quotation marks is taken verbatim from Wannier's 1962 paperlz). It is a
very surprising remark, since it was its author who originally proposed the
idea of a Stark ladder, and it can be disposed of readily. The meaning of the
remark is this: As the direction of E changes, the trajecto;y of an electron
in the extended Brillouin zone also changes direction, it will traverse dif-
ferent regions of the zone, the motion in real space may even become aperiodic,
etc.

However the effect of a small change in the direction of E on the real-space
motion is small. For example, if E is tilted slightly off a principal crystal
axis, the motion goes from being periodic to aperiodic; but the time taken to
traverse each unit cell of reciprocal space is still nearly equal, and the

aperiodicity is nothing more than a small modulation at a frequency incommen-

surable with the fundamental or, in terms of the spectrum, a slight broadening

of the Stark levels.
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4,3,6 Tunneling
We start with the time—independént Schrodinger equation in a field

E = Ex:
]
e (K)+1qE akx]bn('iE)-qlz:Z X g0 () = eb (B).
n!
We can get a one-band solution neglecting interband terms immediately:
.1 * (e-e (k")) dk}
b (k) e qE n §(k -k )6k, =k )

The k-space geometry is sketched in Figure 1. The &-functions are normalized
in the Brillouin Zone. «x is the length of the line segment in the direction
of E subtended by the Brillouin zone, so it stands in a rational relation to
the dimensions of the zone only when E lies along a reciprocal lattice vector.
However, the 1n?ommensurability of ¢« and w/a, although it is mathematically
troublesome, is evidently of no physical significance—this is the same "problem"
as the instability of the Stark spectrum that we have just discussed in the
last paragraph.

When the trajectory in k-space is periodic, the boundary condition is
that the phase of the wave function bn(E) must be the same at equivalent

points of the path of integration:

1 2

— - ' ' = mo -

qE‘/; (e -e (k'))dk me2T m=1,2,...
1

giving a spacing of energy eigenvalues

“ k'))dk’ kz( (k"))dk' = 21qE 3
k (€m+1-sn( ) x em-en X Tq *
1 ky

but kz-kl = K, 80 Ac = 2wqE/x. This is the Stark ladder; for the simplest

orientation of E, k = -2?", so Ac = aqE.
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Figure 1.

Section of the extended Brillouin zone
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Using this wave function we can immediately get the matrix element

between states of equal energy in bands n',n:

- - * ‘
Mn'n ql'-:f bn'(k)xn,n(k)bn(k)dkx
} K
- - SE _1_ X1, 0 1y '
; H.[xn'n exp[qE 0 dkx(en(k ) en'(k ))] dkx'
;
From this point the calculation proceeds by standard perturbation theory ‘
methods. The Fermi golden rule gives a transition probability per second ]
2n 2 4
w= M%)
with )
1 s
p(e) Ae 2mqE
9 The calculation will be valid only if the transition probability is small for
3
N times comparable with a Zener oscillation period.
This formulation is fairly abstract. To aid intuition, it is useful to
rewrite the wave function in the more familiar coordinate representation.
Since this is only for visualization purposes, we restrict the calculation to
one dimension, with « = 21/a. Using |x> -j | k><k |x>dk
1 ; k H
’ q(x) = /a721rfdkeikxu (x) exp L (e~ (k'))dk'].
n nk qE o n .‘
This integral can be evaluated approximately using the stationary phase method.
‘ The integral is written as exp(if) where
-y {

K
= —1— - ' L
£ = kx + qE/; (e-e_(k"))di'-1tnu_,

and expanded around the point of stationary phase ks using

! | ~




N e -y 2
£ 0 x+qE(€ en(ks)) i n y

dk nk X
s
in the form
£e£(k) +3 (kek )2E"(K )
-] 2 s s’ ?
where
o€ 2
1 n P
£"k ) = « — — -1 Rny .
s qE 3k ks 3k2 nk ks

In the limit of "small" fields the terms involving u, can be neglected and
the integral is

K
1k x q—iE/ ®(e~¢_(k"))dk'
qn(x) = /a/2% JZ'n?iE"ZESS e e 0

k
i / s .
/9. o+ = [ S3(e-e_(k')+qEx)dk’
- aqE/——akn (ks) qu 0 n

This is entirely plausible: The stationary phase trajectory is the relation
between x and k of the classical particle, i.e., the wave function qn(x)
“"accumulates phase" along the classical particle orbit. To see this explicitly,

one can change variables from k to x. Along the classical orbit

1 [t %, 1 e 1
x = E_{ S dt = ﬁ./k.k 3k dk = E [sn(k)—en(ko)]
0

80

dx 1 ar':n ‘

dk T qE 3k

This permits us to work out the phase of qn(x):

4
¢
!
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!

fks(e-e (k)+qEx)dk -fks[e (k )-€_(k)]dk
0 n +q 4 n s en

S kS aen
= ke (k) :/o.k e, (k) dk -./0‘ k52 dk

k x
-quskg-dk-qu kdx
0 dk X
0
and we finally have explicitly

x
{/ﬁ kdx

T
1/2(—3-2(]‘8)) —,1/2 unks(x)e g

qn(x) = (aqE) "

A schematic plot of this coordinate-space wave function (omitting the
rapid modulation by unk) is shown in Figure 2, The wave function is shown
in real space, drawn in spatial relation to a Zener tilted-energy-band diagram.

It is apparent that in this tilted-band representation all the wave func-
tions in a band are identical except for a lateral displacement by multiples
of the lattice constant. The figure also indicates how this picture fails when
there is another band separated from the band labeled n by a gap: the wave
function does not quite go to zero in the gap, so it can leak into the neighbor-
ing band, that is to say, the electron tunnels.

An intriguing question that has caused some argument comes from the pos-
sibility of eliminating the interband matrix element through the Wannier-Adams
transformation. We used this transformation to first order in E in the dis-
cussion of the effective mass acceleration theorem, and Wannier has shown that
the transformation can be carried out to all orders in E. Here it might be
taken to mean that a uniform steady field cannot cause tunneling, but Kane
has shown that this is not so, and indeed that the tunneling probability is

only slightly affected by the transformation. The proof proceeds as follows:

W et e
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Figure 2. Band structure and wave function
in an electric field
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Starting with the (for convenience one-dimensional) Schrodinger equation
[e (k) +iqE = ]b (k)- qEZX B (&) = €b_(K)

we now write explicitly
eP w0 = e (0-qEx (0

which takes into account the previously neglected first order polarization of

the bands by the field. Then

k
4 Q) 1 '
b(l)(k) s/_:a:e qE‘/; (e €, (k'))dk
n 2T
and the matrix element connecting equal-energy states in different bands is

1
Mr(l,zl-jdk<k,n'lEXn.n|k,n>

D ey D
dk' k k
B L, o f P -3 .
™ nn

This matrix element will be used later to compute the tunneling probability.
Now the Wannier-Adams transformation is used to remove the interband terms to
first order:

inXn,n
D @
n n

4 k) = elT b (k) with T = -
n n
when this is substituted in the Schrodinger equation, there results
e, 4
(k)+in d (k)+(qE) Q n'n%n (k) = ed (k)
where
x 'n 2

AR “Ww., @
-€

n n'

it -
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and

X
.1 1 1 9 n'n
%a 7 2 xn"nxn'n"(e(l) M " <D_ D )* & DM

n"#n,n’ n &g ~€an €’
Since the form of the wave equation is unaltered, the interband matrix element

now is

(2) (2)
dk’ (e (k")- € (k')
W@ LB fag S

nn

But now the first term in Qn,n-—the term involving three bands n,n',n"—
is a higher order perturbation which was not taken into account in the calcula-
tion of the original matrix element, and accordingly should not be included

now. This leaves

i (2) (2)
(2) [ Q -y x'ﬁ qu‘/o-dk(s: (k)e k"))

n n Bk (1) _ (1)
n n '
(2) (2) i (2) 1 (2)
o _aEa o (k)-€ " (k) . qE./(; dk’ (e " (k')-e ;" (k"))
27 n'n

(l)(k) e(l)(k)

where we have carried out a partial integration (the first term of which, giving
the contribution of the end points, is zero because en and xn'n are periodic in
k-space, and the phase of dn must match at the end points). Thus we find that
the first and second order tunneling matrix elements differ only by the small
second order correction of the bandgap.

This appears to conflict with Wannier's and Adams and Argyes interpretation

iy e

of the properties of the modified Bloch bands, but the paradox is resolved as
follows: The interband terms xnn' give rise to two effects, a polarization of

the band states (as for example the polarization of the filled valence band)

which can be ascribed to virtual transitions; and energy conserving interband !
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tunneling arising from real transitions. The field-modified Bloch (or Houston)
functions are not bounded in either space or energy. and so thev do not display
the effects separately. The energy eigenfunctions do, and they show that the
tunneling matrix elements are little affected by the Wannier-Adams transformation.
In the atomic hydrogen analogy we have used, the phenomenon we are describ-
ing is depicted in Figure 3, showing the states of a Coulomb potential in a
uniform external field. The electron has a small probability of tunneling out
the field ionization probability. This probability is nearly the same for the

field-free and for the Stark shifted bound state.
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Figure 3.
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Field ionization as tunneling
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4,3.7 Detailed Calculation of the Tunneling Probability

The simplest example of a tunneling process is illustrated in Figure 4,

L S b S o i i 2 ke i skt

showing the penetration of a square barrier, and the wave functions that are
involved. The calculation of the tunneling probability for this configuration

is just like the calculation of energy transmission through a section of cutoff

et ) MR I 7

waveguide.

A more realistic representation of bandgap tunneling is shown in Figure 5.
The upper half of this figure shows the conventional tilted-band representation
of the potential. The lower half gives a schematic plot of the electron energy
as a function of kz, the square of the crystal momentum. In the bandgap k2 is ‘

negative (Tamm states), and the conduction and valence band are joined at the

PR AR

branch point kB in complex k-space. If the field is small enough, so that the

slope of the tilted-band diagram is sufficiently gentle, the wave function can !

et e ol

be obtained using the WKB method: !

v = & Jremax,

CcK (X) !

POV

h with

(1 (x)) = € +e(x).

X To carry this out, it is necessary to know the form of x(x), and this has

to be obtained from the band structure, as indicated schematically in Figure 5(b).

ek

-

The connection of the WKB integral with the interband matrix element Hn'n i

.

can be appreciated from the coordinate form qn(x) of the wave function: :

T VIR VO RSN Ty o
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x ]
e k
cb 3181 ;
b Eliky=Lc+ &2
Vo Prix)= e **u(x)
Q(R) s Qc + 8|
P . gik* y(x)

Figure 4. Energies and wave functions for a square barrier
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(b)

3 Figure 5. (a) Energy bands in a uniform, electrostatic field

B (b) Energy as a function of k°, showing the joining
' ~ of the conduction and valence band at the branch
;% point kb.
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My, = =qE[a* (0X , (kg (x)dx

' Q
i kdx - d'dx’]

> -aqEX,, e ['/:( . 'l:'( :
0 0 |

. x '

- U x
- -aqun'ne i[./; kdx +/x. Ok'dx']

0 o

where the path of integration and the meeting point of the bands are chosen

by the method of steepest descent, using the band structure for imaginary k
in the bandgap. Such a calculation was carried out by Kane, using two-band

E-; perturbation theory to model the band structure of a narrow-gap direct

semiconductor,

The band structure is obtained as follows. Starting with the one-band
Bloch function y = eik.runi(?) of a lattice periodic potential V(r) in the

Schrodinger equation (with p = -ih grad)

2
B = (=+v@v=ey

we have

PR G - 3
(55 + S Er v s VD) ug = e, @

For fixed f, the u ok are a complete basis for all lattice-periodic functions,

so that we can expand !

: “n‘im - 2 Cn'n(F.EO)un'?o(—) ’ |
‘. | ) n'
Defining
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so that
Hkounko - en(ko)unko
and
A o= h2 2.2 -
(Hko + 7 (k=kg)p + 5= (k~k))u = € (K)u 7,
we substitute the expansion of UK about ib, multiply by u;i and integrate over

a8 unit cell. This yields

2 2
:E: - h 2.2 | N =
[(en(ko) + 2m (k -ko))ann' + m (k-kO) .pnn’] Cn'n = en(k)cnn

nl

where
= ™ %* -
Pnn' f dr Wk p“n'ko .
0
unit .
cell
To apply this to the conduction band and valence band of a direct-gap

semiconductor at Brillouin zone center, we take the zero of energy at the top

of Ehe valence band. The Hamiltonian is

n’

2
%t m

3w "o
giving energies
ei-%—eg+%}it%n.n-(e:+——2-‘h:‘2‘22)1/2.
The effective masses are
118 1 (ﬁt}.n).itlﬁ ,
AR (=0 nal\ @ 2 n nzes




If we use the convention that effective masses are positive, this means

_1_._§2_tm
™ ae
-3
and the two-band approximation 1is valid only if the bands repel enough to

make both m_ and m_ positive. The usual reduced effective mass is defined by

1 1
(';: +';: )

/2 /2

so that p and m* are related by p = m(eg/Zm*)1 and n = (e: + Zeghzkzlm*)1
This provides the needed band structure, and we see that the conduction
and valence bands are joined at kx = g (kB in Figure 5) which makes n = O:
u*e 2 2 1/2
s=til—k +k+k .
y z

2h

du
- nk
The next step is to -compute xn'n i f dr Uk 5k ¢ For this we need the

linear combinations u,» U, that diagonalize the Hamiltonian. In terms of the

zone center Yoo and qu these linear combinations are

1 /2

In

- 1 1/2
[(n+eg) uc0+(n-eg) uvo]

o [eo 222, \1/2
u, = [(n es) U0 (n eg) “vo]'

In this model, the diagonal matrix elements vanish

ch = va = 0.

The computation of Xcv is tedious but elementary




and since

we finally have

3/2
i g
X == and, of course, € -€_ = 1],
cv n2 1/2 c v
V2m*

For M we need
cv
k

| / x(ec'ev)dkx - ‘4 k"mikx.
0

This is of the form

ka(muz)du Y K (atbk’ 2,1/2, .,
0 v
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then

E l'/'k"mnq:,

..-‘L/ x el Jg X dk

cv H cv X
B.z.

But, especially if E is small, most of the integral must come from the vicinity
of n = O--the path of stationary phase. Since the path lies in a region of
complex kx, Mcv is a contour integral, and the contour must be chosen to pass

n = 0 (equivalent to kx = g). So the contour must look like Figure 6, because
Xcv has a pole at kx = 8. The contribution from the semicircle is half the

residue at the pole. So using

he 3/2
X = — with
cv fz-m*llz n2
2e hz

2 2 2.2 2.2
- *om o —— -
n €g+2e§h k" /m o (s kx) S0

3/2
1he .
X = ‘L m -
A 2e8(s2-k;‘;) 2/ih(s2-ki)

L(e ) 1/2

we have
y 2
. = “xnak_, 1qE (e m*) /2 2 [ ° naix dic_
- X ed 0 dk = ——>B eq 0 -7
K cv x 2/2 4 « semi- .2
semi~ circle X
circle / s
1/2 i
E(c m* — dk
--wq(eL) qu./(;n %
W20« s
because

dk, g
(E@kx)(s—kx) 28 °

semi-
circle

hanhaason WA
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w

Figure 6.

Contour for calculation of the
tunneling matrix element
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Next we get the contribution from the horizontal portion of the path by

expanding n about s. Let 0 = k-s, then

2e_\1/2
n=(Z8)" nadsd? - 2(e /a0) % (o0

ndk = 2(egs/m*)l/2 n--zj 32

and the integral over the horizontal portion contributes

ihe 3/2 * i[fsndk —fdndk]
-sf‘—f_.._.&_ —L.qu 0 x K X
sC

o 458112

s € 1/2 3/2
(e m*)1/2 if ndk. pe .. =2n(-8) o
s igE g IEJ, xf do qE3 " mw
¥ W2 h s - 9
and using
f do eiao3/2 L 2
o 3
1/2 1
* <
f . TqE(e_m*) qu ndkx
6/2 1 ks
hor

We have carried this calculation out in such great detail because our result

differs from Kane's by a numerical factor (Kane has 1—"2 where we find —;: ). ‘,
6v2 f
Evaluating }
2 ‘
2€ h

S ax =L, 212 % 2,2 |
j; ndk = 5 ( 2 I~ [sg + g (T4, )] fni :
1
1/2 {

im m*llz 3/2  im ¢ 2. 2

- = € + = (k_“+k_7)

éh J3 g 2 /-2-“*1 2 Vy Tz
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yields
. m*l/ze 3/2 e 1/2,ﬂ -
M = o 3TQE e- 4qE J3 + «1/2 (ky k)
cv 12H n
(Kane's result contains the numerical factor-% instead of {% ). Using this

matrix element, we find the tunneling probability per unit time from the Fermd

golden rule

1 H
with p(g) Ac ™ Eﬂ?
or
m,‘1/25 3/2 /e 1/2h
2572 -5 8 L B ol d
w=29T_ gE - 2qE /7 n e 20E m,,,1/2 y 2
144 «h
This can be put in the form of a transmission coefficient
gh
T =wT aE w .
251r2 “2
The prefactor of the exponential.—rzz-differs from Kane's value of 9 The

difference is not significant, since the numerical value is probably an arti-
fact of the perturbation theory. An exact calculation for a sinusoidal crystal
potential by Kane and Blount16) (not using WKB) gives a prefactor unity.

It may be worth remarking that the second exponential factor in the trans-
mission probability might be visualized as arising from the wider bandgap that
has to be crossed by electrons with non-zero transverse momentum, but it must
be cautioned that a naive calculation that takes only this effect (and not the

detail of the bandstructure) into account yields the wrong functional dependence.

{
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If we write the transmission coefficient as

2

T =T e %Ky

0

then in numerically convenient units with ag in electron volts, E in V/cm

7 ok 1/2 € 3/2
To - Ce—4.04X10 (—m-) z

where C is the prefactor of order unity,

Even with rather large fields, one usually finds T0<<1. Examples are

5
x -
InSb with €= 0.18, 2.3, 1 8 3.5%10°/E, o with e, = L4,

5 0
~ =-2.5%x10'/E 14)
= e e

*
Z tc. This is consistent with Avron's

o " 1.4, TO

ladder calculation which views the Stark states as resonances and shows that

Stark

the resonances are narrow unless the bandgaps are very small.
If Kane's transmission coefficient is recalculated from a complete model

using a sinusoidal crystal potential instead of the'i-'s band structure, thus

22
V(r) = 2V sinlri,eszv,m*-mavo ,
0] a g 0 "2h2
the result is
- m;ng ) avoz
To - ce kg ce-1'32x 10 7

with the lattice constant a in Angstrom units.
For an electron in the (full) valence band the probability that it tunnel

to the (empty) conduction band is given by T times the probability that it is

in dk_ dk_:
y 2z

. en

e i S,




dk dkz ~a(k 2+k 2) mhe
d =a—2L-2 1 ¢ Yy 2’ g = —-37———
P (3’.'.)3 0 /Zaxt 2qE
a
so
T 32_ 2

0 , + 21 / dekLg-akL
(2m) 0

e/, 312

azm*]_/z . ————
q 2/5th
= 7 172 Ce
2vV2x hsg

This is the form usually quoted for the tunneling probability; in the conve-

2
- *
nience units as above, the prefactor is 0.41 x 10 8C (E;-l-)l/2 -——1—5—5
£
g
The number of electrons tunneling per Zener period per f:m3 is
_m*llze 3/2 ;
1/2 —_— |
*
n' = (number in band/cms) p = -% pP= mz f 7 Ce 2V2NqE
a V21 nace .
g £
16 or 2 g
In this expression the prefactor is 0.82x 10 (-‘—;) 173 ; this 1is
ae
14 4 X
4.6x107 E in GaAs, 3 % 101 E in InSb. A necessary criterion for a Zemer

oscillator is that
n'<< number of oscillating conduction band carriers.
This criterion will not be difficult to meet. One may conclude that Zener

oscillations require primarily an adequate lengthening of the scattering times.
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